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SPHERICAL FUNCTIONS AND RAPID DECAY FOR HYPERBOLIC
GROUPS
ADRIEN BOYER
Abstract. We investigate properties of some spherical fonctions defined on hyper-
bolic groups using boundary representations on the Gromov boundary endowed with
the Patterson-Sullivan measure class. We prove sharp decay estimates for spherical
functions as well as spectral inequalities associated with boundary representations.
This point of view on the boundary allows us to view the so-called property RD (also
called Haagerup’s inequality) as a particular case of a more general behavior of spheri-
cal functions on hyperbolic groups. In particular, we give a constructive proof using a
boundary unitary representation of a result due to de la Harpe and Jolissaint asserting
that hyperbolic groups satisfy property RD. Finally, we prove that the family of bound-
ary representations studied in this paper, which can be regarded as a one parameter
deformation of the boundary unitary representation, are slow growth representations
acting on a Hilbert space admitting a proper 1-cocycle.
1. Introduction and statement of the main results
1.1. Around property RD. Let Γ be discrete countable group. One of the goal of
this paper is to study the operator norm of averaging operators
πpfq “
ÿ
γPΓ
fpγqπpγq
where f : ΓÑ C is a complex-valued function and where π : ΓÑ BpHq is, a priori, a non-
unitary representation of Γ, that is a group morphism from Γ to the group of invertible
elements of the C˚-algebra of bounded operators on the Hilbert space H denoted by
BpHq. When π is a morphism from Γ to UpHq the group of unitary operators on H, the
representation π is a unitary representation.
We study spectral inequalities for a Banach subspace pE, } ¨ }Eq of ℓ
2pΓq given by
(1.1) }λΓpfq}op “ sup
}v}2“1
}f ˚ v}2 ď C}f}E,
where λΓ is the left regular representation of Γ, }¨}op the operator norm, }¨}2 the ℓ
2-norm
on Γ, with ˚ denoting the convolution product and where C is a real positive constant
independent of f an element of E. More generally, one can consider a representation (a
priori non-unitary) π : ΓÑ BpHq and seek for the following property
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DE Ă ℓ2pΓq, DC ą 0,@f P E, }πpfq}op ď C}f}E.(1.2)
There are several natural and interesting Banach subspaces E Ă ℓ2pΓq for which one
can prove inequalities of type (1.2). For instance, when π “ λΓ, the space ℓ
1pΓq is a
such space.
Assume that Γ is endowed with a length function i.e. a map | ¨ | : Γ Ñ R` satisfying
|e| “ 0, for all γ P Γ, |γ´1| “ |γ| and for all γ1, γ2 P Γ, |γ1γ2| ď |γ1| ` |γ2|. Define the
Sobolev spaces for positive real numbers d ą 0 as
(1.3) HdpΓq :“ tf : ΓÑ C|}f}2Hd :“
ÿ
γPΓ
|fpγq|2p1` |γ|q2d ă `8u.
We say that pΓ, | ¨ |q satisfies property RD if there exists d ą 0 such that E “ HdpΓq and
π “ λΓ in (1.2) for some C ą 0.
Let R ą 0 be a real positive number. Define a sphere of Γ of radius n of thickness R as:
(1.4) SΓn,R :“ tγ P Γ|nR ď |γ| ă pn` 1qRu.
Equivalently, pΓ, | ¨ |q satisfies property RD if there exist R ą 0 and a polynomial P
such that for all non-negative integers n and for all complex-valued functions finitely
supported on SΓn,R denoted by f we have
(1.5) }λΓpfq}op ď P pnq}f}2.
More generally, we say that a representation π : ΓÑ BpHq satisfies RD inequality if there
exists d ą 0 such that E “ HdpΓq and π “ λΓ in (1.2) for some C ą 0. Equivalently,
π : ΓÑ BpHq satisfies RD inequality if there exist R ą 0 and a polynomial P such that
for all non-negative integers n and for all complex-valued functions f finitely supported
on SΓn,R we have
(1.6) }πpfq}op ď P pnq}f}2.
The property of rapid decay (property RD) was introduced by Haagerup at the end
of the seventies in his work [38]. He proved notably that the non-abelian free groups
satisfy property RD. But its essence could probably be traced back to Harish-Chandra’s
estimates of spherical functions on semisimple Lie groups and to the work of C. Herz
[42]. The terminology “property RD” was introduced later in the work [43] of Jolissaint.
He proved in this paper that cocompact lattices in rank one real semisimple Lie groups
satisfy property RD. Afterward, de la Harpe managed to prove that hyperbolic groups
satisfy this property as well [41]. The first example of higher rank discrete groups having
property RD is due to Ramagge, Robertson and Steger [61]. Then, Lafforgue, inspired
by the methods of [61], proved that cocompact lattices in SL3pRq and SL3pCq satisfy
property RD. For examples of other groups satisfying property RD we refer to [7], [8],
[19], [20], [21], [26]. For more details on Property RD we refer to [22] and [35].
Indeed, the major open problem concerning property RD is Valette’s conjecture:
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Conjecture. (The Valette conjecture)
Property RD holds for any discrete group acting isometrically, properly and cocompactly
either on a Riemannian symmetric space or on an affine building.
Property RD is relevant in the context of the Baum-Connes conjecture. Indeed,
thanks to the important work of V. Lafforgue in [50], the Valette conjecture implies the
Baum-Connes conjecture.
One of the main point of this article is to give a new proof of a result of Jolissaint and
de la Harpe saying that hyperbolic groups satisfy property RD. This is done by using
boundary unitary representations. The study of the action of groups on the geometric
boundary is at the heart of the proof. We use techniques coming from ergodic geometry,
inspired essentially by the papers [5] and [62] to do coarse harmonic analysis on bound-
aries of certain hyperbolic spaces.
Thus, we make connections with spherical functions on hyperbolic groups and other
spectral estimates. The results deal with the decay of matrix coefficients of representa-
tions (a priori non-unitary) appearing naturally on the boundary of hyperbolic groups,
generalizing property RD.
1.2. From semisimple Lie groups to hyperbolic groups. Let G be a connected
semisimple Lie group with finite center and K a maximal compact subgroup of G. A
complex-valued function φ on G is called spherical if φ is continuous, bi-K-invariant and
satisfies the following integral condition
ş
K
φpxkyqdk “ φpxqφpyq for all x, y P G. In the
context of harmonic analysis of a semisimple Lie group G, the spherical functions are
fundamental objects allowing to understand the unitary tempered dual . As a milestone,
the Plancherel formula makes a very important use of them. We refer to [37],[40] and to
[33] for more details on the theory of spherical functions on semisimple Lie groups.
We specialize now the discussion to G “ SLp2,Rq and give examples of spherical
functions: let K be a maximal compact subgroup of G and let P be a minimal par-
abolic subgroup of G. The compact space G{P , called the Poisson-Furstenberg bound-
ary ([29]), carries a natural class of quasi-invariant finite measures under the action of
G on G{P . We pick ν in this class, the unique K-invariant probability. The action
G ñ pG{P, νq yields boundary representations or quasi-regular representations of G de-
noted by πzpgq P BpHq, where BpHq stands for the space of bounded operators acting on
the Hilbert space H “ L2pG{P, νq and z denotes a complex number. The representations
are parametrized by z P C as follows:
(1.7) πzpgqvpξq “
ˆ
dg˚ν
dν
˙z
pξqvpg´1ξq,
with g P G, v P L2pG{P, νq and ξ P G{P . When ℜpzq “ 1
2
, the representation πz is a
unitary representation. When s “ 1
2
, the representation π 1
2
appearing in the context
of “boundaries” of certain space it is also called boundary representation and in more
general contexts it is called Koopman representation or quasi-regular representation.
This class of unitary representations has been intensively studied as such in several
papers: [5], [6], [13], [14], [15], [34], [16], [32], [47] and [48] for boundary representations
and [27],[28] for other quasi-regular representations.
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In this paper, the family of one parameter representation defined in (4.1) might be
thought of a non-unitary one parameter deformations of quasi-regular unitary represen-
tations. Typical examples of spherical functions associated to these representations are
given explicitly by
(1.8) φz : g P G ÞÑ xπzpgq1G{P ,1G{P y,
where 1G{P denotes the function equals to 1 on the compact space G{P . Associated to
G, the symmetric space G{K can be identified with the hyperbolic half plane pH, dHq,
itself identified via the Cayley transform to the hyperbolic unit disc pD, dDq endowed
with the standard hyperbolic metric. The Poisson-Furstenberg boundary pG{P, νq is
nothing but the unit circle BD with the Lebesgue measure class though. Indeed, we can
restrict the previous constructions of boundary representations and spherical functions
to any lattice Γ of G. The boundary representations and the spherical functions defined
in (1.7) and (1.8) on G restrict to Γ. It turns out that property RD associated with the
hyperbolic metric dH fails for non-uniform lattices. And more generally in higher rank,
property RD associated with a Riemannian metric for non-uniform lattices fails as well.
Hence, the first interested case to study is a discrete group of isometries of hyperbolic
spaces H acting cocompactly on it. This is the prototype of a Gromov-Hyperbolic group,
or a hyperbolic group for short. Therefore, we extend the study of some spherical func-
tions to hyperbolic groups.
Let Γ be a hyperbolic group. This latter acts by isometries, properly discontinuously
and cocompactly on a proper, geodesic and δ-hyperbolic space. Recently, Nica and
Sˇpakula propose the notion of strong hyperbolicity of a metric space: a metric notion
as a way of obtaining hyperbolicity with sharp additional properties, see Subsection
2.4. It turns out that the non-elementary hyperbolic groups act by isometries, properly
discontinuously and cocompactly on such a space pX, dq.
Recall the definition of the volume growth of the group denoted by α defined as
(1.9) lim sup
RÑ`8
1
R
log |Γ ¨ oXBXpo,Rq| “ α.
The geometric boundary pBX, νoq endowed with the Patterson-Sullivan measure νo of
conformal dimension α (associated to some basepoint o P X) where νo is quasi-invariant
under the action of Γ ñ BX, plays the role of the Poisson-Frustenberg boundary pG{P, νq
in the case of semisimple Lie groups. The expressions (1.7) and (1.8) define boundary
representations and spherical functions for z P C for Γ as φz : γ P Γ ÞÑ xπzpγq1BX ,1BXy.
In this paper, we deal with only z “ s a real number. When the parameter z has an
imaginary part, our techniques do not work for the same purpose.
Define for σ P R the function ωσ as follows: for t P r0,`8r
ωσptq “
#
2 sinh
`
σαt
˘
1´e´2σα
if σ P R˚
t if σ “ 0.
(1.10)
Note that ωσ converges to ω0 uniformly on all compact sets of r0,`8r, as σ Ñ 0 .
This function appears naturally in the study of the decay of φs in Section 4. We obtain
the following estimates.
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Given Γ a discrete group of isometries of a metric space pX, dq, one define a length
function | ¨ | : ΓÑ R` associated with a base point o P X as
(1.11) |γ| :“ dpo, γoq.
Proposition 1.1. Let pX, dq be a strongly hyperbolic space. Let Γ be a discrete group
of isometries of pX, dq acting cocompactly on pX, dq, endowed with | ¨ | as in (1.11).
There exists C ą 0 such that for all 0 ď s ď 1, for all γ P Γ
C´1
ˆ
ω|s´ 1
2
|p|γ|q ` 1
˙
exp
ˆ
´
1
2
α|γ|
˙
ď φspγq ď C
ˆ
ω|s´ 1
2
|p|γ|q ` 1
˙
exp
ˆ
´
1
2
α|γ|
˙
,
Remark 1.1. (1) If s ă 0 or s ą 1, the function φsp¨q on Γ is not bounded.
(2) If s “ 0 or s “ 1 then φsp¨q equals to φ0pγq “ }νo} and φ1pγq “ }νo}.
Note that the case s “ 1
2
is already well-known by results in [5], [34] or in [57] and φ 1
2
is the so-called Harish-Chandra’s function, rather denoted by Ξ.
1.3. Spectral transfer for amenable actions. To our knowledge, the use of spectral
transfer can be traced back to Nevo in [54], [55].
Given a discrete group Γ acting on a measure space pB, νq by quasi-preserving transfor-
mations, one consider the quasi-regular unitary representation π 1
2
defined in (4.1).
On one hand, a lemma due to Shalom [63] ensures that for any positive finite measure
µ on Γ we have the following inequality:
(1.12) }λΓpµq}op ď }π 1
2
pµq}op.
It is easy to check that it is sufficient to prove property RD only on positive finitely sup-
ported functions. Thus, if π 1
2
satisfies RD inequality it follows that Γ satisfies property
RD.
On the other hand, if π 1
2
is weakly contained in λΓ, namely
(1.13) }π 1
2
pfq}op ď }λΓpfq}op
for all f P ℓ1pΓq, then Γ satisfies property RD implies that π 1
2
satisfies RD inequality.
In other words, assuming that π 1
2
is weakly contained in λΓ, property RD for Γ implies
that π 1
2
satisfies RD inequality.
It turns out that the notion of amenable action, discovered by Zimmer [66] and studied
by Adams [1] and Kaimanovich [45] in our context, is the right notion ensuring, by a
result of Kuhn [46], that π 1
2
is weakly contained in λΓ (1.13). See also [3] for the weak
containment.
Hence, we have the well-known characterization of Property RD in terms of quasi-
regular unitary representations:
Proposition. Let Γ be a discrete group acting amenably on a measure space pB, νq by
quasi-preserving transformations. Then Γ has property RD if and only if the boundary
unitary representation π 1
2
satisfies RD inequality.
Since we have defined a one parameter family of boundary representations pπsqsPR
in (4.1), the above proposition allows us to view Property RD as a particular case of
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inequalities concerning the representation πs for s P r0, 1s and not only for the unitary
one π 1
2
.
For σ ą 0, define the weighted spaces associated with the functions defined in (1.10):
(1.14) HdσpΓq :“ tf : ΓÑ C|}f}
2
σ :“
ÿ
γPΓ
|fpγq|2
`
1` ωσp|γ|q
˘2d
ă `8u.
Given the family of representations pπsqsPI with I a subinterval of R containing
1
2
, we
prove in this paper inequalities of the following type:
(1.15) }πspfq}op ď C}f}Hd
σpsq
,
where s runs over I and σpsq is a real number depending on s, such that for s “ 1
2
the
associated space Hd
σpsq, is nothing but the Sobolev space defined in (1.3). Hence, one
can view the above inequalities as a one parameter deformation of property RD.
1.4. Results.
1.4.1. Spectral inequalities. Our main result asserts that the growth of the operator norm
}πspfq}op is intimately related to the growth of spherical functions φsp¨q.
Theorem 1.2. Let pX, dq be a strongly hyperbolic space. Let Γ be a discrete group of
isometries of pX, dq acting cocompactly on pX, dq. Then there exist R,C ą 0 sufficiently
large such that for any s P r0, 1s, for all non-negative integers n and for all finitely
supported f on SΓn,R we have:
}πspfq}op ď C
ˆ
1` ω|s´ 1
2
|pnRq
˙
}f}2.
Remark 1.3. The spectral inequality in Theorem 1.2 is optimal.
Specialize the above inequality to s “ 1
2
to obtain:
Corollary 1.4. A hyperbolic group satisfies property RD.
1.4.2. 1-cohomology of slow growth representations. The notion of slow growth repre-
sentations appear in the work of Julg [44] and Lafforgue [51]. This notion is relevant in
Baum-Connes conjecture with coefficients and inspires Lafforgue to define the strong
property (T), see [52].
Now, we recall briefly the notions of slow growth representation and 1-cocycle associated
to a representation π : Γ Ñ BpHq. Let Γ be a discrete countable group endowed with
a length function denoted by | ¨ |. The representation π : Γ Ñ BpHq is a slow growth
representation or is of ε-exponential type with ε ą 0 if there is a constant C ą 0 such
that for all γ P Γ,
}πpγq}op ď Ce
ε|γ|.
A 1-cocycle associated with π : ΓÑ BpHq is a map b : ΓÑ H satisfying
bpγ1γ2q “ bpγ1q ` πpγ1qbpγ2q,
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for all γ1, γ2 P Γ. Moreover we say that a 1-cocycle is proper if }bpγq} Ñ `8 as
|γ| Ñ `8.
Specializing the right hand inequality of Theorem 1.2 to f a unit Dirac mass centered
at a point γ P Γ, we obtain:
Corollary 1.5. Let pX, dq be a strongly hyperbolic space. Let Γ be a discrete group of
isometries of pX, dq acting cocompactly. Consider | ¨ | the length function defined (1.11).
For s P r0, 1
2
rYs1
2
, 1s, the representations πs are α|
1
2
´ s|-type representations.
Besides, we obtain the following theorem, which is essentially a reformulation of a
nice theorem due to Nica [56].
Theorem 1.6. Let pX, dq be a strongly hyperbolic space. Let Γ be a discrete group
of isometries of pX, dq acting cocompactly. Consider | ¨ | the length function defined
(1.11). Then, there exist C ą 0 and 1
2
ą ε ą 0 such that Γ admits a family of slow
growth representation acting on a Hilbert space, ρs : ΓÑ BpHq with s P r0,
1
2
s satisfying
for all γ P Γ
}ρspγq}op ď C
e|1´2s|α|γ|
p1´ e2s´1q2
,
such that ρ 1
2
: Γ Ñ UpHq is an unitary representation and such that ρs admits a proper
1-cocycle for s P r0, 1
2
´ εs.
It is worth noting that Theorem 1.6 is motivated by a conjecture due to Shalom:
Conjecture. (Y. Shalom) A hyperbolic group admits a uniformly bounded representation
acting on a Hilbert space with a proper 1-cocycle.
1.5. Organization of the paper. The paper is organized as follows. In Section 2 we
discuss all the preliminaries, explain the necessary facts involving δ-hyperbolic spaces,
hyperbolic groups, strongly hyperbolic spaces with the notions of roughly geodesic space
and ǫ-good space, Busemann functions, Patterson-Sullivan measures and shadows. Sec-
tion 3 introduces the process of discretization of the space, of the group and of the
boundary that we shall use to prove our main theorem. Section 4 recalls briefly the
definition of quasi-regular representations, property RD, Harish-Chandra function and
establishes the decay of spherical functions. Then, Section 5, Section 6 and Section 7
are three technical sections. In Section 5, we introduce a dense subset of the L2-space
of the boundary. In Section 6, we make use of the assumption of the cocompacity of the
action of the group on the space, which is absolutely fundamental for proving property
RD. In Section 7, we use some techniques from negative curvature to obtain counting
arguments. Section 8 provides the proof of the main theorem. And finally, Section 9
contains a proof of Theorem 1.6.
Acknowledgements. I wish to thank to Christophe Pittet, Uri Bader and Kevin
Boucher for useful discussions. I am also grateful to Jean-Claude Picaud, Vladimir
Finkelshtein, and Bogdan Nica for their remarks and comments after a careful reading
of this manuscript. I am particularly grateful to Christophe Pittet for having pointed
out a gap in the proof of Proposition 7.2 in an earlier version of this manuscript.
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2. Preliminaries
2.1. δ-hyperbolic spaces. A metric space pX, dq is said to be Gromov hyperbolic, or
δ-hyperbolic for short, if for any x, y, z P X and some/any1 basepoint o P X one has
(2.1) px, yqo ě mintpx, zqo, pz, yqou ´ δ,
where px, yqo stands for the Gromov product of x and y with respect to o, that is
(2.2) px, yqo “
1
2
pdpx, oq ` dpy, oq ´ dpx, yqq.
Recall that an a map φ : pX, dXq ÞÑ pY, dY q between metric spaces is a quasi-isometry
if there exist positive constants L,C ą 0 so that
(2.3)
1
L
dXpx, yq ´ C ď dY pφpxq, φpyqq ď LdXpx, yq ` C.
If we consider to the class of geodesic metric spaces, the notion of hyperbolicity becomes
invariant under quasi-isometries, which is not the case for arbitrary metric spaces.
2.1.1. Gromov boundary and Bordification. A sequence panqnPN in X converges at infin-
ity if pai, ajqo Ñ `8 as i, j goes to `8. We say that two sequences panqnPN and pbnqnPN
are equivalent if pai, bjqo Ñ `8 as i, j goes to 8. An equivalence class of panqnPN is
denoted by lim an and we denote by BX the set of equivalence classes. These definitions
are independent of the choice of a basepoint o. It turns out that the Gromov product
extends to the bordification X :“ X Y BX by
(2.4) pξ, ηqo :“ sup lim
i,j
pai, bjqo
where the sup is taken over all sequences panqnPN, pbnqnPN such that ξ “ limi ai and
η “ limj bj.
Proposition 2.1. [18, 3.17 Remarks, p. 433].
Let X be a δ-hyperbolic space and fix a base point o in X.
(1) The extended Gromov product p¨, ¨qo is continuous on XˆX , but not necessarily
on X ˆX.
(2) In the definition of pa, bqo, if we have a in X (or b in X), then we may always
take the respective sequence to be the constant value ai “ a (or bj “ b).
(3) For all v,w in X there exist sequences panq and pbnq such that v “ lim an and
w “ lim bn and pξ, ηqo “ limnÑ`8pan, bnqo.
(4) For all ξ, η and u in X by taking limits we still have
pξ, ηqo ě min tpξ, uqo, pu, ηqou ´ 2δ.
(5) For all ξ, η in BX and all sequences paiq and pbjq in X with ξ “ lim ai and
η “ lim bj, we have:
pξ, ηqo ´ 2δ ď lim inf
i,j
pai, bjqo ď pξ, ηqo.
1if the condition holds for some o and δ, then it holds for any o and 2δ
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We refer to [36, 8.- Remarque, Chapitre 7, p. 122] for a proof of the statement (5).
Assuming, that X is proper, the boundary BX can be given a topology so making it
compact. Moreover, the boundary BX carries a family of visual metrics, depending on d
and a real parameter ǫ ą 0 denoted for now do,ǫ. For 1 ă ǫ ď
logp2q
4δ
then do,ǫ is a metric,
relative to a base point o, on BX satisfying
(2.5) p3´ 2eδǫqe´ǫpξ,ηqo ď do,ǫpξ, ηq ď e
´ǫpξ,ηqo .
2.2. Hyperbolic groups. Let pX, dq be a proper space and Γ be a subgroup of IsopX, dq
the group of isometries of pX, dq acting properly discontinuously on X i.e. for any
compacts K and L of X, the set tγ P Γ|γK XL ‰ ∅u is finite. It is easy to see that the
group Γ is countable. Endow IsopX, dq with the compact open topology and thus the
assumption of having a proper discontinuous action of Γ of X is equivalent to assume
that Γ is a discrete group of IsopX, dq.
We say that Γ acts on X cocompactly if XzΓ is compact for the quotient topology.
For example if Γ is finitely generated, one may consider its Cayley graph associated with
a finite symmetric system of generators S: the elements of the group are the set of vertices
and the edges correspond to the pair pγ, γ1q such that γ´1γ1 P S. Endow the Cayley graph
with the word metric defined as dSpγ, γ
1q :“ tminn|γ´1γ1 “ s1 ¨ ¨ ¨ sn with s1, ¨ ¨ ¨ , sn P
Su and let Γ acts on it by isometries, properly discontinuously and cocompactly.
We say that Γ is Gromov hyperbolic or hyperbolic for short, if it acts by isometries,
properly discontinuously and cocompactly on a proper, geodesic δ-hyperbolic metric
space.
2.3. Balls and spheres. Given Γ a discrete group of isometries of a metric space pX, dq,
recall that one can define a length function | ¨ | : Γ Ñ R` associated with a base point
o P X as in (1.11). Let R ą 0 be a real positive number. Define a ball of X of radius R
centered at a base point o P X as BXpo,Rq :“ tx P X|dpo, xq ď Ru and a sphere of X
of radius n (a non-negative integer), of thickness R, centered at a base point o P X as
(2.6) Sn,Rpoq :“ tx P X|nR ď dpo, xq ă pn` 1qRu,
as well as a sphere of Γ of radius n of thickness R centered at a base point o P X:
(2.7) SΓn,Rpoq :“ tγ P Γ|nR ď dpo, γoq ă pn ` 1qRu.
In the following, we will use the notation Sn,R and S
Γ
n,R rather than Sn,Rpoq and S
Γ
n,Rpoq,
after having picked a base point o. Then, one can write
(2.8) Γ “
ž
ně0
SΓn,Rpoq.
2.4. Roughly geodesics, Good δ-hyperbolic spaces, Strongly hyperbolic spaces.
The classical theory of δ-hyperbolic spaces works under the assumption that the spaces
are geodesic. In general, it turns out that the Gromov product associated with a word
metric on a Cayley graph of a Gromov hyperbolic group does not extend continuously
to the bordification. Nevertheless, there exist metrics on Γ, such as the Mineyev metric
[53] or the Green metric [11] so that the Gomov product extends continuously to the
bordification. The price to pay is that the group endowed with this new metric cannot
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be regarded as a geodesic metric space but rather as a roughly geodesic metric space.
In this paper we take advantage of notions of roughly geodesic, ǫ-good hyperbolic spaces
and strongly hyperbolic spaces introduced in [58] that make the computation concerning
Gromov products, Busemann functions and visual metrics easier.
We assume now the space pX, dq is a proper space.
Definition 2.1. A metric space pX, dq is roughly geodesic if there exists CX ą 0 so that
for all x, y P X there exists a roughly isometry i.e. a map r : ra, bs Ă R Ñ X with
rpaq “ x and rpbq “ y such that |t ´ s| ´ CX ď dprptq, rpsqq ď |t ´ s| ` CX for all
t, s P ra, bs.
We say that two roughly geodesic rays r, r : r0,`8q Ñ X are equivalent if
supt dprptq, r
1ptqq ă `8. We write BrX for the set of equivalence classes of roughly
geodesic rays. Since pX, dq is a proper roughly geodesic space, one can identify BX to
BrX.
Definition 2.2. (Nica-Sˇpakula) We say that a hyperbolic space X is ǫ-good, where ǫ ą 0,
if the following two properties hold for each base point o P X:
‚ The Gromov product p¨, ¨qo on X extends continuously to the bordification XYBX.
‚ The map pξ, ηq P BX ÞÑ expp´ǫpξ, ηqoq is an actual metric on the boundary BX.
The topology on the boundary induced by the visual metric of an ǫ-good space is
the same as the natural topology introduced in . The space metric pBX, do,ǫq is then a
compact space. A ball on the boundary, centered at ξ of radius r with respect to do is
denoted by Bpξ, rq :“ tη P BX|dopξ, ηq ă ru.
Moreover the bordification X :“ BX YX is then a compactification of the space X.
Indeed, in [58] the authors introduce the notion of strong hyperbolicity.
Definition 2.3. A metric space pX, dq is ǫ-strongly hyperbolic if for all x, y, z, o we
have
expp´ǫpx, yqoq ď expp´ǫpx, zqoq ` expp´ǫpz, yqoq.
Then, the authors prove the following
Theorem. (Nica-Sˇpakula) An ǫ-strongly hyperbolic space is a ǫ-good, logp2q
ǫ
-hyperbolic
space.
An example of such spaces is the class of CAT(-1) spaces which are 1-good geodesic
metric spaces. In the context of CAT(-1) spaces, the formula
(2.9) dopξ, ηq “ e
´pξ,ηqo
(we set dopξ, ξq “ 0). This is due to M. Bourdon, we refer to [12, 2.5.1 The´ore`me] for
more details. Hence the CAT(-1) spaces are examples of 1-good hyperbolic spaces.
The main point is the following theorem: that is a combination of results due to
Blache`re, Ha¨ıssinky and Matthieu [11] and of Nica and Sˇpakula [58].
Theorem. A hyperbolic group acts by isometries, properly discontinuously and cocom-
pactly on a roughly geodesic ǫ-good δ-hyperbolic space.
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A concrete example of such space is the group itself endowed with the Mineyev metric
[53] or the Green metric associated to a random walk. Let us describe briefly the case
of the Green metric: Let Γ be a hyperbolic group. A probability measure µ on Γ defines
a random walk on Γ with transition probability ppγ, λq :“ µpλ´1γq. We say that µ
is symmetric if µpγq “ µpγ´1q and finitely supported if the support of µ is a finite
generating set of Γ. Define the Green function
Gpγ, λq :“
ÿ
ně0
µnpγ´1λq
where µn defines the nth convolution of µ. Let F pγ, λq be the probability that a random
walk starting at γ hits λ, that is
F pγ, λq “
Gpγ, λq
Gpe, eq
.
One can associate with a random walk µ on Γ, a metric on Γ called the Green metric,
defined as
(2.10) dGpγ, λq “ ´ logF pγ, λq.
The metric space pΓ, dGq, when µ is symmetric and finitely supported is a typical example
of a proper roughly geodesic ǫ-good δ-hyperbolic space on which Γ acts by isometries,
properly discontinuously and cocompactly.
Indeed, using the concept of quasi-ruler, Blache`re, Ha¨ıssinky and Matthieu prove that
pΓ, dGq is a roughly geodesic δ-hyperbolic space [11] whereas Nica and Sˇpakula in [58]
prove that this space is an ǫ-strongly hyperbolic space.
2.5. Busemann functions. We just saw that the Gromov boundary of an ǫ-good space
has also a geometrical definition and if ξ P BX we can pick a roughly geodesic r, namely a
map r : R` Ñ X satisfying Definition 2.1, such that rp`8q “ ξ to define the Busemann
function associated to r as
brpxq “ lim
tÑ`8
dpx, rptqq ´ t,
which is well defined due to the triangle inequality.
We define the horoshperical distance relative to ξ as:
βξpx, yq “ brpxq ´ brpyq.
Note that this definition does not depend on the choice of a representative of ξ.
It turns out that, that in a hyperbolic ǫ-good metric space we can write:
(2.11) βξpx, yq “ 2pξ, yqx ´ dpx, yq.
Moreover we have for all ξ P BX and for all x, y P X:
(2.12) pξ, yqx ď dpx, yq,
and thus
(2.13) βξpx, yq ď dpx, yq.
SPHERICAL FUNCTIONS AND RAPID DECAY FOR HYPERBOLIC GROUPS 12
The conformal metrics pdx,ǫqxPX associated with ǫ ą 0, satisfy the following relation:
for all x, y P X and for all ξ, η P BX we have:
(2.14) dy,ǫpξ, ηq “ exp
` ǫ
2
pβξpx, yq ` βηpx, yqq
˘
dx,ǫpξ, ηq.
2.6. The Patterson-Sullivan measure. Let Γ be a nonelementary discrete group of
isometries of a proper ǫ-strongly hyperbolic metric space pX, dq and let X “ X YBX be
the compactification of X. Recall the definition the volume growth of the group denoted
by α defined as
(2.15) lim sup
RÑ`8
1
R
log |Γ.oXBpo,Rq| “ α.
Observe that is does not depend on the choice of o P X. It turns out that the volume
growth is controlled as
(2.16) C´1eαR ď |Γ.oXBpo,Rq| ď CeαR,
for some constant C independant of R.
The limit set of Γ denoted by ΛΓ is the set of all accumulation points in BX of an orbit.
Namely ΛΓ :“ ΓoXBX, with the closure in X . Notice that the limit set does not depend
on the choice of a base point o P X. If Γ acts cocompactly on X then ΛΓ “ BX. Consider
now a visual metric on the boundary of parameter ǫ associated with a base point o. The
space pBX, dǫq is a compact metric space, and therefore it admits a Hausdorff measure
of dimension D. It is nonzero, finite, and finitely-dimensional, and in the context of
hyperbolic geometry it is known as the Patterson-Sullivan measure. We will denote it
by νo, and normalize it so that νopBXq “ 1. Usually all measures of the form ρdνo
with 0 ă c ď ρpξq ď C ă 8 for some c, C are called Patterson-Sullivan measures. This
class of measures is independent of the choice of ǫ, but different metrics d usually give
rise to mutually singular measures. Moreover, the Hausdorff dimension changes with ǫ,
although the relationship is very simple, namely
(2.17) D “
α
ǫ
.
The Patterson-Sullivan measure νo is quasi-invariant under the action of Γ on BX. It
actually satisfies a stronger condition in the class of ǫ-good spaces, namely
(2.18)
dγ˚νo
dνo
pξq “ eǫDβξpo,γoq.
It turns out that the support of νo is in ΛΓ and moreover νo is Ahlfors regular of dimension
D we have the following estimate for the volumes of balls: there exists Cν ą 0 so that
for all ξ P ΛΓ for all r ď DiampBXq:
(2.19) C´1ν r
D ď νopBpr, ξqq ď Cνr
D.
Finally, the Patterson-Sullivan measure is ergodic for the action of Γ, and thus unique.
The foundations of Patterson-Sullivan measures theory are in the important papers [59]
and [65]. See [12],[17] and [62] for more general results in the context of CAT(-1) spaces.
These measures are also called conformal densities.
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Remark 2.4. In the general context of δ-hyperbolic spaces the conformal densities are
quasi-conformal densities. A priori for general hyperbolic groups one can construct only
invariant quasi-conformal densities and this is due to Coornaert in [24, The´ore`me 8.3]:
he proves the existence of Γ-invariant quasi-conformal densities of dimension α when X
is a proper geodesic δ-hyperbolic space. Note that his construction has been extended to
the case of roughly geodesic metric spaces in [11].
2.7. Shadows.
2.7.1. Upper Gromov bounded by above. This assumption appears in the work of Connell
and Muchnik in [23] as well as in the work of Garncarek on boundary unitary represen-
tations [34]. We say that a space X is upper gromov bounded by above with respect to
o, if there exists a constant M ą 0 such that for all x P X we have
(2.20) sup
ξPBX
pξ, xqo ě dpo, xq ´M.
Morally, this definition allows us to choose a point in the boundary playing the role
of the forward endpoint of a geodesic starting at o passing through x in the context of
simply connected Riemannian manifold of negative curvature.
We denote by θxo a point in the boundary satisfying
(2.21) pθxo , xqo ě dpo, xq ´M.
In particular, the CAT(-1) spaces are upper Gromov bounded by above as well as hy-
perbolic groups endowed with a left invariant word metric associated with some finite
symmetric set of generators (see [34, Lemma 4.1]).
2.7.2. Definition of shadows. Let pX, dq be a roughly geodesic, ǫ-good, δ-hyperbolic
space. Let r ą 0 and a base point o P X. Define a shadow for any x P X denoted by
Orpo, xq as
(2.22) Orpo, xq :“ tξ P BX|pξ, xqo ě dpx, oq ´ ru.
Lemma 2.5. Assume r ąM ` δ. Then
Bpθxo , e
´ǫpdpo,xq´r`δqq Ă Orpo, xq :“ tξ P BX|pξ, xqo ě dpx, oq´ru Ă Bpθ
x
o , e
´ǫpdpx,oq´r´δqq.
Proof. We have for r ąM ` δ:
pξ, xqo ě mintpξ, θ
x
o qo, pθ
x
o , xqu ´ δ
“ mintdpo, xq ´ r ` δ, dpo, xq ´Mu ´ δ
“ dpo, xq ´ r.
On the other hand
pξ, θxo qo ě mintpξ, xqo, pθ
x
o , xqou ´ δ
mintdpx, oq ´ r, dpo, xq ´Mu ´ δ
ě dpo, xq ´ r ´ δ.

For now on we fix r ąM ` δ.
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3. Discretization
Let pX, dq be a roughly geodesic ǫ-good δ-hyperbolic space and o P X an origin.
3.1. Discretization of roughly geodesics.
3.1.1. A construction. Let R be positive real number such that R ą 5CX where CX is
the constant of roughly geodesics in Definition 2.1.
Now if ξ denotes any point in the boundary we consider the roughly geodesic roξq,
starting at o ending at ξ represented by a roughly-isometry ro : R
` Ñ X. Define then
for k P t0, . . . , nu:
(3.1) ξk :“ ropkR ` τq P ro, ξq,
with τ “ 2CX . By Definition 2.1, one can write
(3.2) kR` CX ď dpo, ξkq ď kR` 3CX ,
and thus the choice of R and τ are justified by ξk P Sk,R.
Now let x be a point in X and n be the unique non-negative integer so that
nR ď dpo, xq ă pn ` 1qR.
Consider θxo P BX. Let ro, θ
x
o q be a roughly geodesic starting at o ending at θ
x
o represented
by a roughly isometry r1o : R
` Ñ X. Apply the above constrution to ξ “ θxo and define
for k P t0, . . . , nu the point xk satisfying
(3.3) xk :“ ropkR` τq P ro, θ
x
o q,
And if γ is an element of a group Γ, we use the notation:
(3.4) γk :“ ropkR` τq P ro, θ
γo
o q.
Hence we still have:
(3.5) kR` CX ď dpo, xkq ď kR` 3CX and so xk P Sk,R.
3.1.2. Properties.
Lemma 3.1. For all ξ P BX and for all non-negative integers k we have
kR` 1
2
CX ď pξk, ξqo ď kR `
7
2
CX .
Proof. For t ą kR ` τ we have t ´ kR ´ 3CX ď dproptq, xkq ď t ´ kR ´ CX . By
definition of the Gromov product, proptq, xkqo “
1
2
pdpo, roptqq ` dpo, xkq ´ dproptq, xkqq.
Hence proptq, xkqo ď kR `
7
2
CX , and proptq, xkqo ě kR `
1
2
CX . By continuity of the
Gromov product to the bordification we obtain:
kR`
1
2
CX ď pξk, ξqo ď kR`
7
2
CX .

In particular, according to (3.3) the above lemma implies for all x P X, for all non-
negative integers k that
(3.6) pxk, θ
x
o qo ě kR `
1
2
CX .
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Lemma 3.2. Let n be an integer and let x P Sn,R with R ą
1
2
CX ` M . For any
k P t0, . . . , n ´ 1u, the point xk satisfies pxk, xqo ě kR `
1
2
CX ´ δ. Besides, pxn, xqo ě
nR´M ´ δ.
Proof. By Inequality (2.1) of δ-hyperbolicity :
pxk, xqo ě mintpxk, θ
x
o qo, pθ
x
o , xqou ´ δ
ě mintpxk, θ
x
o qo, dpo, xq ´Mu ´ δ
ě mintkR `
1
2
CX , nR´Mu ´ δ,
where the last inequality follows from Inequality (3.6). If k P t0, . . . , n ´ 1u, with
condition R ą CX
2
`M , we obtain pxk, xqo ě kR `
1
2
CX ´ δ, although for k “ n we
obtain pxn, xqo ě nR´M ´ δ, and the proof is done. 
Lemma 3.3. There exists C ą 0 so that for any R ą 5CX , for all non-negative integers
n, for all x P Sn,R and for all k P t0, . . . , nu we have: pn ´ kqR ´ C ď dpxk, xq ď
pn´ kqR `C.
Proof. Using the definition of the Gromov product we have
dpxn, xq “ dpxn, oq ` dpx, oq ´ 2pxn, xqo.
Thus, by Lemma 3.2 asserting
pxn, xqo ě nR´M ´ δ,
we obtain
dpxn, xq ď nR` 3CX ` pn` 1qR ´ 2pxn, xqo
ď nR` 3CX ` pn` 1qR ´ 2nR` 2δ ` 2M
“ R` 3CX ` 2M ` 2δ.
Set C 1 :“ R` 3CX ` 2M ` 2δ.
Triangle inequality implies for all k P t0, . . . , nu:
dpxk, xnq ´ dpxn, xq ď dpxk, xq ď dpxk, xnq ` dpxn, xq.
we obtain,
pn´ kqR ´ CX ´ C
1 ď dpxk, xq ď pn´ kqR ` CX ` C
1.
Set C “ CX ` C
1 to conclude the proof. 
3.2. Horospherical decomposition of the boundary. Let Γ be a discrete group of
isometries of pX, dq.
Define for n ě 2, for R ą 0, for any γ P SΓn,R and for all k P t1, . . . , nu the sets denoted
by Ak,Rpo, γoq as:
For k “ 1
(3.7) A1,Rpo, γoq :“ tξ P BX|pξ, γoqo ă Ru.
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For k P t1, . . . , n ´ 1u :
(3.8) Ak,Rpo, γoq :“ tξ P BX|kR ď pξ, γoqo ă pk ` 1qRu.
For k “ n
(3.9) An,Rpo, γoq :“ tξ P BX|nR ď pξ, γoqou.
In the following, we denote Ak,Rpo, γoq by Ak,Rpγq.
Hence, for all γ P SΓn,R, with n large enough, the sets pAk,RpγqqkPt1,...,nu provide a
partition of the boundary of X given by:
(3.10) @n ě 2,@γ P SΓn,R, BX “
nž
k“1
Ak,Rpγq.
Let R ą 0 large enough.
Lemma 3.4. There exists C ą 0 such that for all non-negative integers n ě 1, for all
k P t1, . . . , nu and for all ξ P Ak,Rpγq we have pξ, γkqo ě kR´ C.
Proof. Lemma 3.2 provides a constant C 1 ą 0 such that for all γ P SΓn,R, for all k P
t1, . . . , nu and for all ξ P Ak,Rpγq:
pγo, γkqo ě kR´ C
1.
therefore,
pξ, γkqo ě mintpξ, γoqo, pγo, γkqou ´ δ
ě mintkR, kR ´C 1u ´ δ
ě kR´ C 1 ´ δ.
Then, set C “ C 1 ` δ to conclude the proof. 
Let ν “ pνxqxPX be a Patterson-Sullivan density of Γ, of conformal dimension α.
Assume that pBX, do,ǫ, νoq is α-Ahlfors regular. We investigate the measure of the sets
of the horospherical decomposition of the boundary using Ahlfors regularity of νo.
Lemma 3.5. There exist C ą 0 and R ą 0 such that for all non-negative integers n ě 1
and for all γ in SΓn,R and for all integers k in t1, . . . , nu and for all non-negative integer
n ě 1:
C´1e´αkR ď νopAk,Rpγqq ď Ce
´αkR.
Proof. Let R ą M ` δ. We shall write precisely the sets Ak,Rpγq in terms of shadows
with γ P SΓn,R and n ě 1.
For k “ 1 write for |γ| ą R that A1,Rpγq “ BXzOr1po, γoq with r1 “ |γ| ´R. Then
1´ c ď νopA1,Rpγqq ď 1,
with 1 ą c ą 0.
For k P t2, . . . , n´1u, write Ak,Rpγq :“ Orkpo, γoqzOrk`1po, γoq with rk “ |γ|´kR. Note
that rk ąM ` δ since we choose R ąM ` δ. Then, Lemma 2.5 implies:
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Bpθγoo , e
´ǫp|γ|´rk`δqqzBpθγoo , e
´ǫp|γ|´rk`1´δqq Ă Ak,Rpγq
and
Ak,Rpγq Ă Bpθ
γo
o , e
´ǫp|γ|´rk´δqqzBpθγoo , e
´ǫp|γ|´rk`1`δqq.
Thus, Ahlfors regularity of νo implies:
C´1ν e
´αδe´αkR ´ Cνe
´αpR´δqe´αkR ď νo
`
Ak,Rpγq
˘
ď Cνe
αδe´αkR ´ C´1ν e
´αpR`δqe´αkR`
C´1ν e
´αδ ´ Cνe
´αpR´δq
˘
e´αkR ď νo
`
Ak,Rpγq
˘
ď
`
Cνe
αδ ´C´1ν e
´αpR`δq
˘
e´αkR
Then, choose R ą 0 large enough such that the quantities
(3.11) C´1ν e
´αδ ´ Cνe
´αpR´δq, Cνe
αδ ´ C´1ν e
´αpR`δq ą 0.
For k “ n write An,Rpγq “ Ornpo, γoq, hence
C´1ν e
´αδe´αnR ď νpAn,Rpγqq ď Cνe
αδe´αnR.
By comparing the constants in (3.11) with the constant in the above inequalities, we
find the desired constant C ą 0 for R ą 0 large enough.

Lemma 3.6. For any R ą 0, for all non-negative integers n ě 1 and for all γ P SΓn,R,
we have for all k “ 1, . . . , n´ 1
An´k,Rpγ
´1q YAn´k`1,Rpγ
´1q Ă γ´1Ak,Rpγq Ă An´k´1,Rpγ
´1q YAn´k,Rpγ
´1q,
and for k “ n´ 1 we have
γ´1An,Rpγq Ă A1,Rpγ
´1q.
Moreover,
An´k,Rpγ
´1q Ă γ´1Ak´1,Rpγq Y γ
´1Ak,Rpγq
Proof. By the continuity of the Gromov product to the bordification, we have for all
ξ P BX and for all x, y P X: pξ, xqy ` pξ, yqx “ dpx, yq. Thus we obtain for all γ P Γ and
for all ξ P BX :
pγ´1ξ, γ´1oqo “ ´pξ, γoqo ` |γ|.
Let ξ P Ak,Rpγq. Thus
|γ| ´ pk ` 1qR ď pγ´1ξ, γ´1oqo ď |γ| ´ kR.
So if γ P SΓn,R we obtain for k “ 1, . . . , n
pn´ k ´ 1qR ď pγ´1ξ, γ´1oqo ă pn´ k ` 1qR.
That is to say γ´1Ak,Rpγq Ă An´k´1,Rpγ
´1q YAn´k,Rpγ
´1q.
And for k “ n we have
γ´1An,Rpγq Ă A1,Rpγ
´1q.

On the sets Ak,Rpγq for k “ 1, . . . , n, we have sharp estimates of Busemann functions.
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Lemma 3.7. For any R ą 0, for all non-negative integers n ě 1 and for all γ in
SΓn,R Ă Γ we have for all ξ P An,Rpγq:
nR´R ď βξpo, γoq ď nR`R,
and for all k “ t2, . . . , n´ 1u and for all ξ P Ak,Rpγq:
p2k ´ nqR´R ď βξpo, γoq ď p2k ´ nqR`R,
and for all ξ P A1,Rpγq :
´nR´R ď βξpo, γoq ď ´nR` 2R.
Proof. Write βξpo, γoq “ 2pξ, γoqo ´ dpo, γoq. Then by definition of Ak,Rpγq we have
kR ď pξ, γoqo ď pk ` 1qR for k “ 2, . . . , n´ 1. Thus
p2k ´ nqR´R ď βξpo, γoq ď p2k ´ nqR`R.
Besides, if ξ P An,Rpγq we have
2pn´ 1qR ´ dpo, γoq ď βξpo, γoq ď dpo, γoq.
Since γ P SΓn,R we have nR ď |γ| ă pn` 1qR
2pn´ 1qR ´ pn` 1qR ď βξpo, γoq ď pn` 1qR.
Finally, for ξ P A1,Rpo, γoq the following estimates hold
´pn` 1qR ď ´|γ| ď βξpo, γoq ď ´nR` 2R.

4. Boundary representations and Spherical functions
4.1. Quasi-regular representations and spherical functions. Given a measure
space pB, νq with a measure class preserving action of locally compact group Γ, one
consider a family of representations πs : ΓÑ UpL
2pb, νqq defined by:
(4.1) πspγqvpbq “
ˆ
dγ˚ν
dν
˙s
vpγ´1bq,
where s is a positive real number. When s “ 1
2
, the representation π 1
2
is an unitary
representation. When the latter appears in the context of “boundaries” of certain space
or in ergodic theoretic context, it is also called quasi-regular representation (or Koopman
representation) and it has been intensively studied as such in several papers: [5], [6], [34],
[13], [14], [15], [16], [32], [47] and [48] for boundary representations and see [27],[28] for
other quasi-regular representations.
In this paper, the family of a one parameter representation defined in (4.1), can
be thought as an one parameter non-unitary deformation of the unitary quasi-regular
representation.
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4.2. Spherical functions on hyperbolic groups. Given a non-elementary discrete
groups Γ acting by isometries of pX, dq a roughly geodesic ǫ-good δ-hyperbolic space,
we apply the above construction to Γ ñ pBX, νoq where νo is the Patterson-Sullivan
measure associated with a base point o.
The adjoint representation π˚s pγq satisfying xπspγqv,wy “ xv, π
˚
s pγqwy is given by:
(4.2) π˚s pγq “ π1´spγ
´1q.
This is of interest of studying the spherical function in the context of harmonic analysis
Lie groups (we refer to [33] for more details on spherical functions), hence we define a
spherical function associated with πs as the matrix coefficient:
φs : γ P Γ ÞÑ xπspγq1BX ,1BXy P R
`.(4.3)
To our knowledge, few is known in this generality and in this context of general hyperbolic
groups except for s “ 1
2
. In the latter case, φ 1
2
is analogous to Harish-Chandra’s Ξ
function in the context of Lie groups, rather denoted by Ξ instead of φ 1
2
. One can prove
the following estimates, called Harish-Chandra Anker estimates, naming related to [4]:
there exists C ą 0 such that for all γ P Γ :
C´1p1` |γ|q exp
ˆ
´
1
2
α|γ|
˙
ď Ξpγq ď Cp1` |γ|q exp
ˆ
´
1
2
α|γ|
˙
.(4.4)
Recall the definition (1.10) of the function ω 1
2
´sp¨q for s P Rzt
1
2
u,
ω 1
2
´sptq “
2 sinh
`
p1
2
´ sqαt
˘
1´ ep2s´1qα
and observe that ω 1
2
´sp¨q converges uniformly on compact sets of R to ω0ptq “ t as sÑ
1
2
.
It turns out that estimates (4.4) are limits of more general estimates established in
the following proposition.
Remark 4.1. It is worth noting that Proposition 1.1 implies in particular that φspγq
satisfies, if s ă 1
2
(4.5) φspγq “ O
˜
e´sα|γ|
1´ ep2s´1qα
¸
when |γ| Ñ `8 and if s ą 1
2
(4.6) φspγq “ O
˜
eps´1qα|γ|
ep2s´1qα ´ 1
¸
.
Proof. We assume that s ‰ 1
2
, the case of equality is known. By definition, φspγq “ş
BX e
sαβξpo,γoqdνopξq. Using the relation (2.11) we have
φspγq “ e
´sα|γ|
ż
BX
e2sαpξ,γoqodνopξq.
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Decompose Γ as in (2.8) for R ą 1 chosen so that Lemma 3.5 is valid. Pick γ P Γ so
that |γ| ą 2R and let n ě 2 be the unique integer so that γ P SΓn,R. Then using the
decomposition (3.10) we obtain
φspγq “ e
´sα|γ|
nÿ
k“1
ż
Ak,Rpγq
e2sαpξ,γoqodνopξq.
If ξ P Ak,Rpγq then kR ď pξ, γoqo ď kR `R for all k P t1, . . . , nu. Therefore:
e´sα|γ|
nÿ
k“1
νopAk,Rpγqqe
2sαkR ď φspγq ď e
´sα|γ|e2sαR
nÿ
k“1
νopAk,Rpγqqe
2sαkR.
Then, since νo is α-Ahlfors regular Lemma 3.5 implies that there exists C ą 0 so that:
φspγq ď Ce
´sα|γ|
n´1ÿ
k“0
ep2s´1qαkR
ď Ce´sα|γ|
1´ ep2s´1qαnR
1´ ep2s´1qαR
,
and the lower inequality reads as follows:
φspγq ě C
´1e´sα|γ|
1´ ep2s´1qαnR
1´ ep2s´1qαR
.
Assume now that s ă 1
2
. Observe that
1´ ep2s´1qα ď 1´ ep2s´1qαR ď Rp1´ ep2s´1qαq,
with R ą 1. Moreover, since γ in SΓn,R satisfies nR ď |γ| ă pn` 1qR, there exists C ą 0
such that we have
φspγq ď C ˆ
`
e´sα|γ| ´ eps´1qα|γ|
˘
1´ ep2s´1qα
“ C ˆ
ˆ
2 sinh
`
p1
2
´ sqα|γ|
˘˙
1´ ep2s´1qα
exp
ˆ
´
1
2
α|γ|
˙
.
Since the above inequality holds for γ P SΓn,R for n ě 2, we may find an another
constant C ą 0 so that for all γ P Γ and for all s Ps0, 1
2
r we have:
φspγq ď C
ˆ
2 sinh
`
p1
2
´ sqα|γ|
˘
1´ ep2s´1qα
` 1
˙
exp
ˆ
´
1
2
α|γ|
˙
.(4.7)
The left hand inequality reads as follows:
φspγq ě C
´1
ˆ
2 sinh
`
p1
2
´ sqα|γ|
˘
1´ ep2s´1qα
` 1
˙
exp
ˆ
´
1
2
α|γ|
˙
,
This lower bound implies Item (2) directly for s ă 0, and use φspγq “ φ1´spγ
´1q for the
case s ą 1.
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For s ą 1
2
using φspγq “ φ1´spγ
´1q and |γ| “ |γ´1|, we have for all γ P Γ
C´1
ˆ
ωs´ 1
2
p|γ|q ` 1
˙
exp
ˆ
´
1
2
α|γ|
˙
ď φspγq ď C
ˆ
ωs´ 1
2
p|γ|q ` 1
˙
exp
ˆ
´
1
2
α|γ|
˙
.
And the proof of Item (3) is complete.

4.2.1. Definitions in terms of matrix coefficients. In this subsection, we give several
equivalent definitions of spectral inequalities, on spheres in terms of matrix coefficients.
Given Γ a discrete group of isometries of a metric space pX, dq, we endow Γ with a
length function defined as |γ| :“ dpγo, oq associated with some base point o P X. For any
R ą 0, consider the decomposition of Γ in spheres as Γ :“
š
ně1 S
Γ
n,R. Let π : ΓÑ BpHq
be a representation of Γ on H. The following lemma will be useful:
Proposition 4.1. Let σ be in r0, 1s and R ą 0. The following are equivalent:
(1) There exist C, d ą 0 so that for all finitely supported functions f we have
}πpfq}op ď C}f}Hdσ .
(2) There exist C, d ą 0 such that for all finitely supported functions f on a sphere
of radius SΓn,R and for all v,w P H we have
|xπpfqv,wy| ď Cp1` ωσpnRqq
d}f}2}v}}w}.
Proof. We prove first p1q implies p2q.
First of all observe that there exists C ą 0 so that for all non-negative integers n and
for all γ P SΓn,R
C´1p1` ωσpnRqq ď p1` ωσp|γ|qq ď Cp1` ωσpnRqq.(4.8)
Hence, if f is supported on SΓn,R we control the norm of f as
(4.9) C´1p1` ωσpnRqq
d}f}2 ď }f}Hdσ ď Cp1` ωσpnRqq
d}f}2,
for some C ą 0. Using the right hand side of p4.9q, we easily see that p1q implies p2q for
the same d.
We prove now p2q implies p1q: Choose d1 ą 0 so that Cd1 :“
`ř`8
n“0p1`ωσpnRqq
´2d1
˘ 1
2 ă
8 (such d1 ą 0 exists by Definition (1.10) of ωσ). Since f is finitely supported there
exists an integer N such that f can be written as f “
řN
n“0 fn with fn “
ř
γPSΓn,R
fpγqδγ
supported on SΓn,R where δγ denotes the unit Dirac mass centered at γ. Observe that
the left hand side of inequalities (4.8) imply that there exists C ą 0 such that for any
d ą 0 :
(4.10) C´1
ˆ Nÿ
n“0
p1` ωσpnRqq
2d}fn}
2
2
˙
ď }f}2Hdσ
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The operator norm of πpfq satisfies
}πpfq}op ď
Nÿ
n“0
}πpfnq}op
ď
Nÿ
n“0
p1` ωσpnRqq
d}fn}2
ď Cd1
ˆ Nÿ
n“0
p1` ωσpnRqq
2pd`d1q}fn}
2
2
˙ 1
2
ď Cd1 ¨ C}f}Hd`d1σ
.
where the last inequality follows from p4.10q and the proof is complete. 
4.2.2. The theorem is optimal. Let Γ be a non-elementary discrete groups acting by
isometries on pX, dq, a roughly geodesic, ǫ-good, δ-hyperbolic space. Consider the rep-
resentations defined in (4.1) associated with pBX, νoq where νo is the Patterson-Sullivan
measure associated with a base point o. In the case of hyperbolic groups, the decay
of the spherical functions established in Section 4.2 provides informations on spectral
inequalities. Indeed, the following proposition is a proof of Remark 1.3.
Proposition 4.2. There exist R ą 0 and a positive function f on Γ and v,w P
L2pBX, νoq such that for all integers n and for all s P r0, 1sÿ
γPSΓn,R
fpγqxπspγqv,wy ě Cp1` ω|s´ 1
2
|pnRqq
d}v}2}w}2.
Proof. Pick R so that Lemma 3.5 holds. Now, consider
f : γ P Γ ÞÑ xπspγq1BX ,1BXy P R
` and v “ w “ 1BX .
Thus, since the group is hyperbolic, the Ahlfors regularity of the Patterson-Sullivan
measures hold and estimates (2.16) combined with lower bound of Item (3) of Proposition
1.1 conclude the proof. 
4.3. Reduction to positivity, dense subsets and spheres. In this section, assume
that Γ denotes any discrete group.
Consider a representation π : ΓÑ BpHq. Assume that H “ L2pX,mq for some measure
space pX,mq. The cone of positive functions of H is denoted by H`. We say that a
representation π is positive if π preserves the cone of positive functions. Observe that
πs (for s P R) defined in (4.1) is positive.
Let F Ă H be a dense subset. We state a useful lemma, reducing spectral inequalities
only to positive functions f on Γ and vectors of matrix coefficients in the positive cone
of a dense subspace F XH`.
Lemma 4.2. Assume that π is a positive representation of Γ. Assume there exists a
nonnegative integer n0 such that for any R ą 0, for all n ě n0, for all positive finitely
functions f on SΓn,R and for all v,w P F XH
` we have:ÿ
γPSΓn,R
fpγqxπpγqv,wy ď Cp1` ωσpnRqq
d}f}2}v}2}w}2.
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Then there exist C, d ą 0 such that for all f finitely supported we have:
}πpfq}op ď Cp1` ωσpnRqq
d}f}2.
The proof is easy and left to the reader.
5. A Dense subset of L2pBX, νoq
5.1. Notation. Let pX, dq be a proper roughly geodesic, ǫ-good, δ-hyperbolic space.
We assume that there exists a discrete group of isometries of pX, dq denoted by Λ acting
properly and cocompactly on pX, dq (a priori different from a group Γ for which we shall
establish property RD). The elements of Λ will be denoted by g P Λ or h P Λ. Let
ν “ pνxqxPX be the Patterson-Sullivan measure associated with Λ of dimension α. We
denote by ρ the diameter of a fundamental domain of the action of Λ on pX, dq so that
one can write YgPΛBpgo, ρq “ X, where o is a basepoint in X.
In this section, we provide the construction of a sequence of finite dimensional sub-
spaces of L2pBX, νoq, denoted by E
Λ
N pBXq, depending strongly on Λ such that for all
v P L2pBX, νoq there is a sequence of vN P E
Λ
N pBXq satisfying }v´vN}2 Ñ 0 as N Ñ `8.
Thus, the dense subset we shall consider is defined as
F :“ YNě0E
Λ
N pBXq.(5.1)
5.2. Covering, multiplicity, shadows. The following lemma is very useful. We shall
mention that it has been already used in several situations, see for example [5, Corollary
4.2] and [34, Lemma 4.2]. This is the cornerstone to construct a suitable sequence of
subspaces on the boundary.
We consider the spheres SΛN,R of Λ for all non-negative integers N and for R ą 0.
Lemma 5.1. There exist R, r ą 0 so that for all N large enough we have
(1) YgPSΛN,R
Orpo, goq “ BX.
(2) There exists an integer m such that for all N and for all g P SΛN,R the cardinal
of the set th P SΛN,R|Orpo, hoq XOrpo, goq ‰ ∅u is bounded by m.
Proof. We prove Item (1): Let R be larger than 2pCX`ρq, where the constant CX comes
from the roughly geodesics and let CX `ρ ă τ ă R´CX ´ρ. Consider ξ P BX and let a
ro be a roughly isometry representing a roughly geodesic starting at o and ending at ξ.
Consider the point x “ ropNR`τq thus satisfying NR`τ´CX ď dpo, xq ď NR`τ`CX .
Since Λ acts cocompactly on X, there exists g P Λ so that dpgo, xq ď ρ.
Then NR ` τ ´ CX ´ ρ ă dpgo, oq ď NR ` τ ` CX ` ρ. The choice of τ ensures that
g P SΛN,R. Observe that
pξ, xqo “ lim
nÑ`8
propnq, ropNR ` τqqo
“ lim
nÑ`8
1
2
pdpropnq, oq ` dpo, ropNR ` τqq ´ dpropnq, ropNR` τqqq
ě NR` τ ` C ` ρ´
3
2
CX ´ CX ´ ρ
ě dpo, goq ´
1
2
CX ´ ρ.
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It follows that:
pξ, goqo ě min tpξ, xqo, px, goqou ´ δ
ě min tdpo, goq ´
1
2
CX ´ ρ,
1
2
pdpo, xq ` dpo, goq ´ dpx, goqqu ´ δ
ě min tdpo, goq ´
1
2
CX ´ ρ, dpo, goq ´ CX ´ ρu ´ δ
ě dpo, goq ´ CX ´ ρ´ δ.
We set r :“ CX ` ρ` δ. Hence ξ P Orpo, goq.
We prove Item (2): Fix now some g P SΛN,R. Let h P S
Λ
N,R such that Orpo, goq X
Orpo, hoq ‰ ∅. Pick η P Orpo, goq XOrpo, hoq and so
pgo, hoqo ě mintpgo, ηqo, pη, hoqou ´ δ ě NR´ r ´ δ.
Hence,
dpgo, hoq “ dpo, goq` dpo, hoq´ 2pgo, hoqo ď 2pN ` 1qR´ 2NR` 2r` 2δ “ 2pR` r` δq.
Set K :“ 2pR ` r ` δq. Thus th P SΛN,R|Orpo, hoq XOrpo, goq ‰ ∅u Ă BXpgo,Kq. Then
|th P SΛN,R|Orpo, hoq XOrpo, goq ‰ ∅u| ď |ΛXBXpo,Kq|.
Set m “ |ΛXBXpo,Kq| to finish the proof, since Λ is discrete. 
It is worth noting that, using Ahlfors regularity of the measure νo we deduce
from Item (1) of Lemma 5.1:
(5.2) |SΛN,R| ď Cνe
αpr`δq ˆ eαNR.
5.3. Vitali’s covering type Lemma. We use Lemma 5.1 to construct a very useful
sequence of finite dimensional subspaces of L2pBX, νoq. But before giving the definition
of these subspaces we shall use a Vitali’s covering argument for the construction.
Lemma 5.2. Let R and r as in Lemma 5.1. For all non-negative integers N large
enough, there exists a non empty set SΛ˚N,R Ă S
Λ
N,R and Borel subsets
`
Qrpo, goq
˘
gPSΛ˚N,R
of the boundary such that
(1) BX “
š
gPSΛ˚N,R
Qrpo, goq.,
(2) Qrpo, goq XQrpo, hoq “ ∅ with g ‰ h P S
Λ˚
N,R,
(3) Orpo, goq Ă Qrpo, goq Ă Or1po, goq for some r
1 ą r for all g P SΛ˚N,R,
(4) There exists a constant C ą 0 such that for all integers N we have:
C´1eαNR ď |SΛ˚N,R| ď Ce
αNR.
Proof. From Lemma 5.1 we have YgPSΛN,R
Orpo, goq “ BX. Lemma 2.5 implies that
Orpo, goq Ă Bpθ
go
o , e
´ǫp|g|´r´δqq. Since g P SΛN,R, we haveOrpo, goq Ă Bpθ
go
o , e
´ǫpNR´r´δqq.
Define the ball associated with g P SΛN,R as Bg :“ Bpθ
go
o , rN q with rN :“ e
´ǫpNR´r´δq.
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Hence YgPSΛN,R
Bg “ BX. Denote by B
˚
g the ball Bpθ
go
o , 5rN q. By Vitali’s covering lemma
there exists a set SΛ˚N,R Ă S
Λ
N,R so that
(5.3) YgPSΛ˚N,R
B˚g “ BX,
and such that
(5.4) Bg XBh “ ∅, for all g ‰ h P S
Λ˚
N,R.
Therefore one can construct a family of Borel subsets Qrpo, goq for g P S
Λ˚
N,R such that
Item p1q, p2q and p3q of Lemma 5.2 are satisfied (see for example [64, Lemma 2, p15]):
enumerate the elements gk of S
Λ˚
N,R for k P IN with index set IN :“ t1, . . . , |S
Λ˚
N,R|u. Then
consider Bgk for k P IN and define by induction:
Qrpo, gkoq :“ B
˚
gk
X
`
BXz Yjăk Qrpx, gjxq
˘
X
`
BXz Yjąk Bgj
˘
.
For Item (4), observe first that there exists C ą 0 such that for all g P SΛ˚N,R we have
(5.5) C´1e´αNR ď νopQrpo, goqq ď Ce
´αNR.
Then, write BX “
š
gPSΛ˚N,R
Qg as a disjoint union. By taking the measure of two
members of this equality we obtain:
νopBXq “ νo
ˆ ž
gPSΛ˚N,R
Qrpo, goq
˙
“
ÿ
gPSΛ˚N,R
νo
`
Qrpo, goq
˘
,
and Inequalities (5.5) imply:
(5.6) C´1eαNR ď |SΛ˚N,R| ď Ce
αNR.

In the following, we denote Qrpo, goq by Qg, for g P S
˚Λ
N,R
5.4. Construction of a dense subspace. Define the finite dimensional subspaces of
EΛN pBXq Ă L
2pBX, νoq as the subspaces generated by
(5.7) EΛN pBXq :“ Spant1Qg with g P S
Λ˚
N,Ru,
where 1Qg :“ 1Qrpo,goq.
We have the following proposition:
Proposition 5.1. For all v P L2pBX, νoq there exists a sequence vN P E
Λ
N pBX,µxq so
that }v ´ vN }2 Ñ 0 as N Ñ `8.
Proof. First observe that the space of Lipschitz functions on the boundary is dense in
L2pBX, νoq.
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Then, define the projection pN for a non-negative integer N as
(5.8) pN : v P L
2pBX, νoq ÞÑ
ÿ
gPSΛN,R
1
νopQgq
xv,1Qgy1Qg P E
Λ
N pBXq.
If v is a L-Lipschitz function, then pN pvq P E
Λ
N pBXq for all N and we have }v´vN}2 Ñ 0
as N Ñ `8.
Indeed for v a L-Lipschitz function on the boundary we have for all h P SΛ˚N,R and for
all ξ P Qh:ˇˇˇˇ
vpξq1Qhpξq ´
ˆ
1
νopQhq
ż
Qh
vpηqdνopηq
˙
1Qhpξq
ˇˇˇˇ
“
ˇˇˇˇ
1
νopQhq
ż
Qh
vpξq ´ vpηqdνopηq
ˇˇˇˇ
ď
1
νopQhq
ż
Qh
|vpξq ´ vpηq|dνopηq
ď
1
νopQhq
ż
Qh
L|dopξq ´ dopηq|dνopηq
ď L sup
hPSΛ˚N,R
DiampQhq.
Moreover for v P L2pBX,µq:
}v ´ pN pvq}
2
2 “
ż
BX
„
vpξq ´
ÿ
gPS˚ΛN,R
ˆ
1
µpQgq
ż
Qg
vpηqdµpηq
˙
1Qgpξq
2
dνopξq
“
ÿ
hPSΛ˚N,R
ż
BX
„
vpξq ´
ÿ
g
ˆ
1
νopQgq
ż
Qg
vpηqdνopηq
˙
1Qgpξq
2
1Qhpξqdνopξq
“
ÿ
hPS˚ΛN,R
ż
Qh
„
vpξq1Qhpξq ´
ˆ
1
νopQhq
ż
Qh
vpηqdµpηq
˙
1Qhpξq
2
dνopξq
ď
`
L sup
hPS˚ΛN,R
DiampQhq
˘2 ÿ
hPS˚ΛN,R
ż
Qh
1BXdνopξq
“
`
L sup
hPS˚ΛN,R
DiampQhq
˘2
Ñ 0,
as N goes to infinity, and the proof is done. Note that the inequality in the above
computation follows from the previous inequality just above in the proof.

In other words, the set F defined in (5.1) is dense in L2pBX, νoq.
5.5. L2-norm. If v P EΛN pBXq, write v “
ř
gPSΛ˚N,R
dg1Qg where dg are a priori complex
numbers. Observe that the L2-norm of v is given by
}v}2 :“
` ÿ
gPSΛ˚N,R
|dg|
2νopQgq
˘ 1
2 .
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By Inequalities (5.5), there exists a constant C ą 0 such that:
C´1
|SΛ˚N,R|
1
2
` ÿ
gPSΛ˚N,R
|dg|
2
˘ 1
2 ď }v}2 ď
C
|SΛ˚N,R|
1
2
` ÿ
gPSΛ˚N,R
|dg|
2
˘ 1
2 .(5.9)
6. Use of cocompacity
In this section, let Γ be a discrete group of pX, dq a proper roughly geodesic ǫ-good
δ-hyperbolic space. We assume that Γ acts properly and cocompactly on pX, dq. We
fix a fundamental domain D for the action of Γ on pX, dq, containing a base point o,
relatively compact of diameter ρ ą 0. We shall think about Γ as the group for which we
want to prove property RD.
6.1. Cocompacity implies uniformly bounded multiplicity. Fix R ą 0. Let n be
a non-negative integer, k another integer in t1, . . . , nu and define for each pair of open
balls Bpξ, rN q ˆBpη, rN q Ă BX ˆ BX centered at ξ, η P BX of radius rN “ e
´ǫRN with
N ą n, the set
(6.1)
SΓk,n´k,Npξ, ηq :“ tγ P S
Γ
n,R|Ak,Rpγq ˆ γ
´1Ak,Rpγq XBpξ, rN q ˆBpη, rN q ‰ ∅u Ă S
Γ
n,R.
The following definition is inspired by the work of Bader-Muchnik in [5, Definition 4.1].
Definition 6.1. Let N ą n with n ě 1 and k P t1, . . . , nu where N,n, k are non-negative
integers. We say that pAk,Rpγqˆγ
´1Ak,RpγqqγPSΓn,R
is a pk, n,Nq-sampling for BXˆBX
of multiplicity m P N, if for all ξ, η P BX ˆ BX we have
|SΓk,n´k,Npξ, ηq| ď m.
The fundamental result to prove property RD, as well as the other spectral inequalities
dealing with πs for s ‰
1
2
, is the following proposition providing an uniform sampling:
Proposition 6.1. If Γ acts cocompactly then there exists an integer m such that for
all integers N ą n ě 1 and for all integers k P t1, . . . , nu we have that pAk,Rpγq ˆ
γ´1Ak,RpγqqγPSΓn,R
is a pk, n,Nq-sampling for BX ˆ BX of multiplicity m P N.
Proof. We proceed in two steps.
Step 1: There exist two positive real numbers ρ1, ρ2 ą 0 such that for all N ą n and
k be integer in t1, . . . , nu, and for all ξ, η P BX, if γ P SΓk,n´k,Npξ, ηq we have
γ´1BXpξk, ρ1q XBXpηn´k, ρ2q ‰ ∅.
Proof of Step 1. Let γ P SΓn,R such that Ak,Rpγqˆγ
´1Ak,RpγqXBpξ, rN qˆBpη, rN q ‰ ∅.
Consider the point ξk P X satisfying kR ď dpx, ξkq ď pk ` 1qR and the point ηn´k P X
satisfying pn´ kqR ď dpx, ηn´kq ď pn´ k ` 1qR.
Then, consider γk in S
Γ
k,R (recall the definition 3.4).
Claim 1: There exists ρ1 ą 0 so that dpγk, ξkq ď ρ1.
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Proof of Claim 1. Write dpγk, ξkq “ dpo, γkq` dpo, ξkq´ 2pγk, ξkqo. We shall find a lower
bound for the term pγk, ξkqo.
Observe that Lemma 3.2 implies there exists C ą 0 such that for all k P t1, . . . , nu
pγk, ξkqo ě mintpγk, γoqo, pγo, ξkqou ´ δ
ě mintkR´ C, pγo, ξkqou ´ δ.
Pick now ξ1 P Ak,RpγqXBpξ, rN q. Then several uses of the hyperbolic inequality (2.1)
leads to:
pγo, ξkqo ě min tpγo, ξ
1
kqo, pξ
1
k, ξkqou ´ δ
ě min tpγo, ξ1kqo, pξ
1
k, ξ
1qo, pξ
1, ξkqou ´ 2δ
ě min tpγo, ξ1kqo, pξ
1
k, ξ
1qo, pξ
1, ξqo, pξ, ξkqou ´ 3δ
ě min tpγo, ξqo, pξ
1
k, ξ
1qo, pξ
1, ξqo, pξ, ξkqo, , pξ, ξ
1
kqou ´ 4δ
ě min tpγo, ξ1qo, pξ
1, ξqo, pξ
1
k, ξ
1qo, pξ, ξkqou ´ 5δ.
Since ξ, ξ1 P Bpξ, rN q, we have pξ
1, ξqo ě pN ` 1qR ą nR. Besides, Lemma 3.1 implies
kR`
1
2
CX ď pξ
1
k, ξ
1qo, pξk, ξqo ď kR`
7
2
CX ď pN ` 1qR ă pξ, ξ
1qo,
and since ξ1 P Ak,Rpγq we have by definition pγo, ξ
1qo ě kR. Finally, we obtain
pγo, ξkqo ě kR´ 5δ.
Hence,
pγk, ξkqo ě kR´ C ´ 6δ.(6.2)
So, since dpγk, ξkqq “ dpo, γkq ` dpo, ξkq ´ 2pγk, ξkqo we have, by (3.5)
dpγk, ξkqq ď 2kR` 6CX ´ 2pkR ´ C ´ 6δq
ď 6CX ` 2C ` 12δ.
Set ρ1 :“ 6CX ` 2C ` 12δ to conclude the proof of Claim 1.

Claim 2: There exists ρ2 ą 0 so that dpγ
´1γk, ηn´kq ď ρ2.
Proof of Claim 2. Lemma 3.1 implies:
pγ´1γk, ηn´kqo ě min tpγ
´1γk, ηqqo, pη, ηn´kqou ´ δ
ě min tpγ´1γk, ηqqo, pn ´ kqR `
1
2
CXu ´ δ.
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Observe that Lemma 3.3 implies that there exists a constant C ą 0 :
pγ´1γk, γ
´1oqo “
1
2
pdpγo, γkq ` dpo, γ
´1oq ´ dpγk, oqq(6.3)
ě pn´ kqR ´
1
2
pR` Cq.(6.4)
Pick now η1 P γ´1Ak,RpγqXBpη, rN q. Then Lemma 3.6 implies that η
1 P An´k,Rpγ
´1qY
An´k´1,Rpγ
´1q XBpη, rN q.
We have
pγ´1γk, ηqo ě mintpγ
´1γk, η
1qo, pη
1, ηqou ´ δ
ě mintpγ´1γk, γ
´1oqo, pγ
´1, η1qo, pη
1, ηqou ´ 2δ
ě mintpγ´1γk, γ
´1oqo, pγ
´1, η1qo, pη
1, ηqou ´ 2δ
ě mintpn ´ kqR´
1
2
pR` Cq, pn´ 1´ kqRu ´ 2δ,
where the last inequality follows from the definition of An´k,Rpγq, the inequality (6.3),
and the fact that pη, η1qo ě NR ą pn´ kqR.
Therefore there exists a constant C 1 ą 0 such that
pγ´1γk, ηn´kqo ě pn´ kqR´ C
1.
Lemma 3.3 provides a constant C ą 0 for the first term of the following right hand
side equality such that:
dpγ´1γk, ηn´kq “ dpγ
´1γk, oq ` dpo, ηn´kq ´ 2pγ
´1γk, ηn´kqo
ď pn ´ kqR ` C ` pn` 1´ kqR´ 2pn ´ kqR` 2C 1
“ R` C ` 2C 1.
Set ρ2 :“ R` C ` 2C
1 to finish the proof.

This achieves the proof of Step 1. 
Step 2: Step 1 implies that there exists ρ1 ą 0 and ρ2 ą 0 such that for each pair
pξ, ηq P BX ˆ BX and for all N ą n and for all k P t1, . . . , nu we have:
SΓn,n´k,Npξ, ηq Ă tγ P S
Γ
n,R|γ
´1BXpξk, ρ1q XBXpηn´k, ρ2q ‰ ∅u.
Since the action Γ ñ X is cocompact, one can find two elements x, y in a fundamental
domain D containing o of diameter ρ, and two elements γ1, γ2 P Γ such that dpξk, γ1xq ă ρ
and dpηn´k, γ2yq ă ρ. Thus
SΓn,n´k,Npξ, ηq Ă tγ P S
Γ
n,R|γ
´1BXpγ1x, ρ1 ` ρq XBXpγ2y, ρ2 ` ρq ‰ ∅u
Since the counting measure is bi-invariant we have
|SΓn,n´k,Npξ, ηq| ď |tγ P S
Γ
n,R|γ
´1BXpx, ρ1 ` ρq XBXpy, ρ2 ` ρq ‰ ∅u|.
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Eventually, use the fact that the action of Γ on X is properly discontinuous to define
the non-negative integer:
(6.5) m :“ |tγ P Γ|γ´1BXpx, ρ1 ` ρq XBXpy, ρ2 ` ρq ‰ ∅u|.
We obtain:
|SΓn,n´k,Npξ, ηq| ď m.

6.2. Uniform boundedness on the group. Let Λ be a discrete group of isometries
of pX, dq, a priori different from Γ. We assume that Λ acts properly and cocompactly
on pX, dq so that the results of Section 5 hold.
Let N ą n ě 1 and k P t1, . . . , nu be non-negative integers. Consider the sets
pQgqgPSΛ,˚N,R
given by Lemma 5.2. Using Lemma 2.5 we have Qg Ă Bpθopgoq, 5rN q with
rN :“ e
´ǫpNR´r´δq for all g P SΛ,˚N,R. By choosing R ą 0 large enough i.e. so that
(6.6) R ą r ` δ `
logp5q
ǫ
,
we have
(6.7) Qg Ă Bpθopgoq, e
ǫpN´1qRq.
6.2.1. Partitions of SΛ˚N,R. Let γ be in S
Γ
n,R and define
(6.8) SΛN,kpγq :“ tg P S
Λ˚
N,R|Ak,Rpγq XQg ‰ ∅u Ă S
Λ˚
N,R.
and
(6.9) rSΛN,n´kpγ´1q :“ th P SΛ˚N,R|Ak,Rpγq X γQh ‰ ∅u Ă SΛ˚N,R.
Note that rSΛN,n´kpγ´1q “ th P SΛ˚N,R|γ´1Ak,Rpγq XQh ‰ ∅u.
Remark 6.2. The notation rSΛN,n´kpγ´1q is legitimate by Lemma 3.6 implying that:
(6.10) rSΛN,n´kpγ´1q Ă SΛN,n´kpγ´1q Y SΛN,n´k´1pγ´1q
For each γ0 P S
Γ
n,R define the set
(6.11)
SΓn,n´k,Npγ0q :“ tγ P S
Γ
n,R|S
Λ
N,kpγqˆ
rSΛN,n´kpγ´1qXSΛN,kpγ0qˆ rSΛN,n´kpγ´10 q ‰ ∅u Ă SΓn,R.
A consequence of Proposition 6.1 is the following:
Proposition 6.2. If Γ acts cocompactly then there exists a non-negative integer m such
that for all non-negative integers N ` 1 ą n and for all integers k P t1, . . . , nu and for
all γ0 P S
Γ
n,R:
|SΓk,n´k,Npγ0q| ď m.
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Proof. Let k be an integer in t1, . . . , nu. Fix γ0 P S
Γ
n,R and consider γ P S
Γ
n,R so that
SΛk,Rpγq ˆ
rSΛn´k,Rpγ´1q X SΛk,Rpγ0q ˆ rSΛn´k,Rpγ´10 q ‰ ∅. By definition of these sets, there
exist g, h P SΛN so that
(6.12) Qg XAk,Rpγq ‰ ∅ and Qg XAk,Rpγ0q ‰ ∅,
as well as
(6.13) Qh X γ
´1Ak,Rpγq ‰ ∅ and Qh X γ
´1
0 Ak,Rpγ0q ‰ ∅.
By the rigth hand inclusion of Item (3) of Proposition 5.2, thanks to Lemma 2.5
and by the choice of R in 6.7, we have for N ` 1 ą n that Qg Ă Bpθ
go
o , e
´ǫNRq and
Qh Ă Bpθ
ho
o , e
´ǫpN´1qRq. Therefore
SΓk,n´k,Npγ0q Ă S
Γ
k,n´k,NpBpθ
go
o , e
´ǫpN´1qRq, Bpθhoo , e
´ǫpN´1qRqq,
and since N ` 1 ą n, Proposition 6.1 finishes the proof. 
7. Counting problem for Λ
7.1. A counting estimate lemma. Let Λ be a discrete group of isometries of pX, dq
a proper roughly geodesic, ǫ-good, δ-hyperbolic space. Assume that Λ acts properly
and cocompactly. Let νo be the Patterson-Sullivan measure associate with a base point
o P X of conformal dimension α.
Let R ą 0. It turns out that the growth of SΛN,R behaves as e
αNR. Given a Borel
subset U of the boundary (with a frontier of measure zero), the number of elements of
the sphere SΛN,R such that the shadows associated to them intersect U are not empty,
growths as νopUqe
αNR. The following lemmas are uniform refinement of these counting
estimates rather than asymptotic estimates. We shall provide upper bound, with uniform
constants in N , of the number of elements of the sphere SΛN,R such that the shadows
associated to them intersect U . But the counting estimates shall deal with the spheres
SΛ˚N,R rather than the spheres S
Λ
N,R. More precisely for a Borel subset U Ă BX define
the set
(7.1) WΛN,RpUq :“ tg P S
Λ˚
N,R|U XQg ‰ ∅u Ă S
Λ˚
N,R.
We start first with a variation of the so-called Sullivan’s shadow lemma. We can find a
proof of the following lemma in [5, Lemma 4.1]. Since the statement is slightly different,
we give a proof.
Lemma 7.1. Let N be a non-negative integer and R ą 0. Let U be a Borel subset of
BX such that DiampUq ď e´ǫNR. There exists a compact K Ă X and a non-negative
integer q such that we have tg ¨ o| g PWΛN,RpUqu Ă K, and thus |W
Λ
N,RpUq| ď q.
Proof. Pick g, h PWΛN,RpUq. We have pgo, hoqo ě mintpgo, ξqo, pξ, ηqo, pho, ηqou´3δ with
ξ P Qg X U ‰ ∅ ‰ Qh X U Q η. Thus, Item (3) of Lemma 5.2 implies that for some
r1 ą 0 we have:
pgo, hoqo ě NR´ r
1 ´ 3δ.
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Therefore for g, h PWΛN,RpUq we have
dpgo, hoq “ dpo, hoq ` dpo, goq ´ 2pgo, hoqo
ď 2pR` r1 ` 3δq.
Pick some h P WΛN,RpUq and define K :“ BXph ¨ o,R
1q with R1 :“ 4pR ` r1 ` 3δq. We
have by construction tg ¨ o| g PWΛN,RpUqu Ă K. 
The following lemma already appear in [34, Lemma 4.3]. Since our statement is
slightly different, we give a proof.
Lemma 7.2. There exists R ą 0 large enough and a constant C ą 0 such that for all
non-negative integers p and for all Borel subset U Ă BX satisfying
DiampUq ď eǫpRe´ǫNR,
we have
|WΛN,RpUq| ď Ce
αpR.
Remark 7.3. We also have a lower bound
|WΛN,RpUq| ě C
´1νopUqe
αNR,
for some C ą 0. We give a proof of this fact: Write U :“
š
gPWΛN,RpUq
Qg X U and by
taking the measure, since Qg X U Ă Qg we obtain
νopUq “
ÿ
gPWΛ
N,R
pUq
νopQg X Uq ď |W
Λ
N,RpUq|Ce
´αNR,
where the inequality follows from Item (3) of Lemma 5.2.
Proof. One cannot write
š
gPWΛN,RpUq
Qg Ă U . We shall thicken U to be able to write
the previous inclusion. To do so, we set rN :“ e
pRe´NR and pick some ξ P U so that
U Ă Bpξ, rN q.
Let g be in WΛN,RpUq and so, by definition of W
Λ
N,RpUq we have Qg X U ‰ ∅. Since
Qg Ă Bpθ
go
o , 5ρN q where ρN “ e
´ǫpNR´r´δq is provided by Lemma 5.2 and Lemma 2.5,
we have Bpθgoo , 5ρN qXU ‰ ∅. Pick R ą 0 so that R ą r` δ`
log 10
ǫ
. We have for η P Qg
dpξ, ηq ď dpξ, θgoo q ` dpθ
go
o , ηq
ď rN ` 2ˆ 5ρN
“ peǫpR ` 10eǫpr`δqqe´ǫNR
ď 2eǫpRe´ǫNR “ 2rN ,
where the last inequality follows from the choice of R.
Then for all g P SΛ˚N,R we have Qg Ă Bpξ, 2rN q. Combining this fact with the fact that
the family tQgugPSΛN,R˚
is made of disjoint sets, we obtain:
š
gPWΛN,RpUq
Qg Ă Bpξ, 2rN q.
By taking the measure of the above inclusion we haveÿ
gPWΛN,RpUq
νopQgq ď νopBpξ, 2rN qq,
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using now the Ahlfors regularity of νo and Item (1) of Lemma 5.2 we obtain:ÿ
gPWΛN,RpUq
C´1ν e
´αNReαpr´δq ď Cν2
αrαN ,
and thus
|WΛN,RpUq| ď 2
αC2νe
αp´r`δq ˆ eαpR.
Set C :“ max tC 1, 2αC2νe
αp´r`δqu to conclude the proof.

7.2. Diameters Lemma. Let R ą 0. Let n be a non-negative integer and k P
t1, . . . , nu, and let N ą n be another non-negative integer. Define for γ P SΓn,R and
h P SΛ˚N,R:
(7.2) Uk,npγ, hq :“ Ak,Rpγq X γQh.
Define also
(7.3) Vk,npγ, hq :“ γ
´1Ak,Rpγq X γ
´1Qh.
Lemma 7.4. (Diameters Lemma). Assume that R ą r ` δ ` logp5q
ǫ
. For all γ P SΓn,R,
for all g, h P SΛ,˚N,R and for any k P t1, . . . , nu we have DiampUk,nq ď e
ǫpn´2kqRe´ǫNR and
DiampVk,nq ď e
ǫp2k´nqRe´ǫNR.
Proof. For γ P SΓn,R, for h P S
Λ˚
N,R and for k P t1, . . . , nu write U :“ Uk,npγ, hq.
By the relations of Lemma 3.6, we have for k P t1, . . . , nu
γ´1U Ă
`
An´k´1,Rpγ
´1q YAn´k,Rpγ
´1q
˘
XQh.
First, we compute the diameter of γ´1U with respect to dγ´1o. Using the conformal
relation of the visual metric we have
dγ´1opξ, ηq “ dopξ, ηqe
1
2
ǫpβξpo,γ
´1oq`βηpo,γ´1oqq.
Therefore Lemma 3.7 implies that for all ξ, η P γ´1U and for all γ P SΓn,R
dγ´1opξ, ηq ď 5e
ǫpr`δqe´3ǫRe´ǫNRepn´2kqǫR,
where the factor 5eǫpr`δq comes from Item (3) of Lemma 5.2 and Lemma 2.5. Then, us-
ing the relation dγ´1opγ
´1ξ1, γ´1η1q “ dopξ
1, η1q for ξ1, η1 P U , we deduce that DiampUq ď
eǫpn´2kqRe´ǫNR, by the choice of R ą r ` δ ` logp5q
ǫ
.
On the other hand, for ξ, η P Vk,n “ γ
´1pAk,Rpγq X Qgq written as ξ “ γ
´1ξ1 and
η “ γ´1η1 with ξ1, η1 P Ak,Rpγq XQg we have:
dopγ
´1ξ1, γ´1η1q “ dγopξ
1, η1q
“ dopξ
1, η1qe
1
2
ǫpβξ1po,γoq`βη1 po,γoqq
ď 5eǫpr`δqe´3Rǫe´ǫNReǫp2k`1´nqR
ď e´ǫNReǫp2k´nqR,
and the proof is done. 
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7.3. Counting arguments combined with diameters lemma. Assume that R ą 0
is big enough so that Lemma 7.2 and 7.4 hold.
Define some subsets of SΛN,R for which we shall estimate the volume growth, for any
non-negative integer N .
For pγ, hq fixed in SΓn,R ˆ S
Λ
N,R define
(7.4) WΛN,kpγ, hq :“ tg P S
Λ˚
N,R|Uk,npγ, hq XQg ‰ ∅u Ă S
Λ˚
N,R.
For pγ, gq fixed in SΓn,R ˆ S
Λ
N
(7.5) ĂWΛN,n´kpγ´1, gq :“ th P SΛ˚N,R|Vk,npγ, gq XQh ‰ ∅u Ă SΛ˚N,R.
The above notation depends on R. We omit it in the notation to leave it readable.
Remark 7.5. The notation ĂWΛN,n´kpγ´1, gq is legitimated by Lemma 3.6 implying thatĂWΛN,n´kpγ´1, gq ĂWΛN,n´kpγ´1, gq YWΛN,n´k´1pγ´1, gq.
We close this section by giving two fundamental estimates based on the previous
estimation of the counting argument in Lemma 7.2 and the diameters Lemma.
Proposition 7.1. There exist R ą 0 and a constant C ą 0 such that for all N ` 1 ą
n ě 1 we have:
For all k P t1, . . . , nu we have that
|WΛN,kpγ, hq| ď Ce
αRpn´2kq,
and
|ĂWΛN,n´kpγ´1, gq| ď CeαRp2k´nq.
Proof. The proof follows from Lemma 7.4 providing an upper bound for the size of
diameters of Uk,npγ, hq and Vk,npγ, gq. Therefore, Lemma 7.2 applied to Uk,npγ, hq and
to Vk,npγ, gq concludes the proof after having choosed R large enough such that the two
cited lemmas hold. 
We can easily deduce the following result about finite multiplicity:
Proposition 7.2. Let n ě 1 a non-negative integer and let γ P SΓn,R. We have the
following cases:
(1) There exists a non-negative integer n such that for all integers k satisfying k P
t1, . . . , tn
2
uu we have for each h0 P S
Λ˚
N,R
|th P SΛ˚N,R|W
Λ
N,kpγ, h0q XW
Λ
N,kpγ, hq ‰ ∅u| ď n.
(2) There exists an integer n such that for all k satisfying k P ttn
2
u, . . . , nu we have
for each g0 P S
Λ˚
N,R
|tg P SΛ˚N,R|ĂWΛN,n´kpγ´1, g0q XĂWΛN,n´kpγ´1, gq ‰ ∅u| ď n.
Proof. We prove only Item (1), the proof of Item (2) follows from Remark 7.5 .
Fix h0 P S
Λ˚
N,R. Set pn :“ tCe
n´2ku where C comes from Item (1) of Proposition 7.1.
Then, there exists at most g1, . . . , gpn P S
Λ˚
N,R such that Ak,Rpγq X γQh0 X Qgj ‰ ∅ for
SPHERICAL FUNCTIONS AND RAPID DECAY FOR HYPERBOLIC GROUPS 35
all j P t1, . . . , pnu. Since t
n
2
u ě k, Lemma 7.4 implies that Diampγ´1Ak,RpγqXγ
´1Qgq ď
e´ǫNR. By Lemma 7.1, for each j P t1, . . . , pnu there exists a compact Kj so that
th ¨ o|h P ĂWΛN,n´kpγ´1, gjqu Ă Kj.
Note
th P SΛN |W
Λ
N,kpγ, h0q XW
Λ
N,kpγ, hq ‰ ∅u Ă Y
pn
j“1
ĂWΛN,n´kpγ´1, gjq.
Note that for all j P t1, . . . , pnu the compact sets Kj Q h0 ¨ o. Define K :“ BXph0 ¨ o,R0q
with R0 “ 2DiampKjq. Thus,
th P SΛN |W
Λ
N,kpγ, h0q XW
Λ
N,kpγ, hq ‰ ∅u Ă K.
Define n :“ K X Λ ¨ o to conclude the proof. 
8. Proof of spectral inequalities
Let pX, dq be a roughly-geodesic, ǫ-good, δ-hyperbolic space. Let Γ be a discrete
group of isometries of pX, dq: we shall prove spectral inequalities for Γ when this lat-
ter acts cocompatly on pX, dq. Let Λ be another discrete group of isometries of pX, dq
acting cocompactly. We assume that Γ and Λ have the same critical exponents α. Let
ν “ pνxqxPX be the Patterson-Sullivan associated with Γ. We may take Γ “ Λ but it is
more enlightening to think that Γ and Λ are different. The main interest of proceeding
with two different groups is to understand how much the assumption of cocompacity is
crucial to prove property RD.
Typical examples of such a choice are given by two different cocompact lattices of a rank
one semisimple Lie group of non-compact type.
We consider the family of representations πs for s P r0, 1s of Γ defined in (4.1). Let
R ą 0 such that hold Lemma 5.2, condition (6.6), Lemma 7.2 and Lemma 7.4.
8.1. Decay of matrix coefficients on the horospherical decomposition. Let n ě
1 be a non-negative integer.
8.1.1. General decomposition. We decompose for all v and w in L2pBX, νoq and for all
γ P SΓn,R the matrix coefficient xπspγqv,wy as follows:
xπspγqv,wy “
nÿ
k“1
ż
Ak,Rpγq
esαβξpo,γoqvpγ´1ξqwpξqdνopξq “
nÿ
k“1
xπspγqv,wy|Ak,Rpγq
,
where by definition
(8.1)
xπspγqv,wy|Ak,Rpγq
:“ xπspγqv,1Ak,Rpγq ¨ wy “
ż
Ak,Rpγq
esαβξpo,γoqvpγ´1ξqwpξqdνopξq.
Since one of the interest of the partition pAk,Rpγqqk“1,...,n is the control of the Busemann
function we obtain, by Lemma 3.7 that there exists C ą 0 such that for all k “ 1, . . . , n:
(8.2) xπspγqv,wy|Ak,Rpγq
ď C
ż
Ak,Rpγq
esαp2k´nqRvpγ´1ξqwpξqdνopξq.
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Let v,w in the cone of positive vectors EΛ,`N pBXq and write v “
ř
hPSΛ˚N,R
ch1h and
w “
ř
gPSΛ˚N,R
dg1g with ch, dg P R
˚
`.
The expression xπspγqv,wy|Ak,Rpγq
reads as follows:
(8.3) xπspγqv,wy|Ak,Rpγq
ď Cesαp2k´nqR
ÿ
pg,hqPSΛ˚N,RˆS
Λ˚
N,R
dgchνopAk,Rpγq X γQh XQgq.
Define for N ą n, for k P t1, . . . , nu and for γ P SΓn,R the sum
(8.4) Rk,Npγq :“
ÿ
pg,hqPSΛ˚N,RˆS
Λ˚
N,R
dgchνopAk,Rpγq X γQh XQgq.
Therefore we have:
(8.5) xπspγqv,wy|Ak,Rpγq
ď Cesαp2k´nqRRk,N pγq.
Our goal is to control the size of the support of elements v,w P EΛN pBXq contributing
to the sum Rk,N pγq. Consider the set
IΛN pγq “ tpg, hq P S
Λ˚
N,R ˆ S
Λ˚
N,R|Ak,Rpγq X γQh XQg ‰ ∅u Ă S
Λ˚
N,R ˆ S
Λ˚
N,R.
Thus, the expression of Rk,Npγq can be written as
Rk,N pγq “
ÿ
pg,hqPIΛN pγq
dgchνopAk,Rpγq X γQh XQgq.
Indeed with notation (6.8) and (6.9), since IΛN pγq Ă S
Λ
N,kpγq ˆ
rSΛN,n´kpγ´1q we have
(8.6) Rk,N pγq ď
ÿ
pg,hqPSΛN,kpγqˆ
rSΛN,n´kpγ´1q
dgchνopAk,Rpγq X γQh XQgq.
8.2. Proof of Spectral Inequalities. The fundamental tool to control the sum is
nothing but the Cauchy-Schwarz inequality. We start by a proposition based on counting
estimates of Section 7.
Proposition 8.1. There exists C ą 0 such that for all s P r0, 1s, for all γ P SΓn,R, for
all non-negative integers N ą n, for all k P t1, . . . , nu, for all v,w P EΛ,`N pBXq, we have
xπpγqv,wy|Ak,Rpγq
ď C ˆ
ep
1
2
´sqαnRep2s´1qαkR
|SΛ˚N,R|
ˆ ÿ
ph,gqPrSΛN,n´kpγ´1qˆSΛN,kpγq
c2hd
2
g
˙1
2
Proof. Let s P r0, 1s, let N ą n be non-negative integers, let k P t1, . . . , nu and γ P SΓn,R.
The proof splits in two cases. The first case consists in studying Rk,Npγq with k ď
tnu
2
.
According to the notation (7.2) and (7.4), Inequality (8.6) becomes:
Rk,Npγq ď
ÿ
hPrSΛN,n´kpγ´1q
ch
ÿ
gPWΛN pγ,hq
dgνopUk,npγ, hq XQgq.
Observe that Item (3) of Lemma 5.2 combined with Ahlfors regularity of νo imply the
existence of some C ą 0 such that for all g, h P SΛ˚N,R :
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(8.7) νopUk,npγ, hq XQgq ď νopQgq ď C ˆ
1
|SΛ˚N,R|
.
Therefore we have:
Rk,Npγq ď
C
|SΛ˚N,R|
ÿ
hPrSΛ
N,n´kpγ
´1q
ch
ÿ
gPWΛ
N
pγ,hq
dg.
Then, performing several times the Cauchy-Schwarz inequality, with an absorbing
constant C for the third inequality, we obtain:
Rk,N pγq ď
C
|SΛ˚N,R|
ˆ ÿ
hPrSΛN,n´kpγ´1q
c2h
˙ 1
2
ˆ ÿ
hPrSΛN,n´kpγ´1q
` ÿ
gPWΛN pγ,hq
dg
˘2˙12
ď
C
|SΛ˚N,R|
ˆ ÿ
hPrSΛ
N,n´kpγ
´1q
c2h
˙ 1
2
ˆ ÿ
hPrSΛ
N,n´kpγ
´1q
`
|WΛN pγ, hq| ˆ
ÿ
gPWΛN pγ,hq
d2g
˘˙ 12
(by Proposition 7.1) ď
Ceαp
n
2
´kqR
|SΛ˚N,R|
ˆ ÿ
hPrSΛ
N,n´kpγ
´1q
c2h
˙ 1
2
ˆ ÿ
hPrSΛ
N,n´kpγ
´1q
ÿ
gPWΛ
N
pγ,hq
d2g
˙ 1
2
(by Proposition 7.2) ď
Cneαp
n
2
´kqR
|SΛ˚N,R|
ˆ ÿ
ph,gqPrSΛ
N,n´kpγ
´1qˆSΛ
N,k
pγq
c2hd
2
g
˙ 1
2
.
For tnu
2
ď k: First observe that using the quasi-invariance of νo, combined with Lemma
3.6 and Lemma 3.7, we have for some constant C ą 0:
νopAk,Rpγq X γQh XQgq ď Ce
αpn´2kqRνopγ
´1Ak,Rpγq XQh X γ
´1Qgq.(8.8)
Therefore, the notation (7.2), (7.4), Inequality (8.7) applied with Vk,npγ, gq in this case
and Inequality (8.8) just above imply:
Rk,N pγq ď Ce
αpn´2kqR
ÿ
gPSΛ
N,k
pγq
dg
ÿ
hPW˜ΛN pγ
´1,gq
chνopVk,npγ, gq XQhq
ď
Ceαpn´2kqR
|SΛ˚N,R|
ÿ
gPSΛ
N,k
pγq
dg
ÿ
hPW˜Λ
N
pγ´1,gq
ch.
Now, performing again the Cauchy-Scwharz inequality we obtain
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Rk,N pγq ď
Ceαpn´2kqR
|SΛ˚N,R|
` ÿ
gPSΛN,kpγq
d2g
˘ 1
2
ˆ ÿ
gPSΛN,kpγq
p
ÿ
hPW˜ΛN pγ
´1,gq
chq
2
˙ 1
2
ď
Ceαpn´2kqR
|SΛ˚N,R|
` ÿ
gPSΛN,kpγq
d2g
˘ 1
2
ˆ ÿ
gPSΛN,kpγq
ÿ
hPW˜ΛN pγ
´1,gq
|W˜ΛN pγ
´1, gq|c2h
˙ 1
2
(by Proposition 7.1) ď
Ceαpn´2kqReαpk´
n
2
q
|SΛ˚N,R|
` ÿ
gPSΛN,kpγq
dg
˘ 1
2
ˆ ÿ
gPSΛN,kpγq
ÿ
hPW˜ΛN pγ
´1,gq
c2h
˙1
2
(by Proposition 7.2) ď
Cneαp
n
2
´kqR
|SΛ˚N,R|
` ÿ
gPSΛN,kpγq
d2g
˘ 1
2
ˆ ÿ
hPS˜Λ
N,n´kpγ
´1q
c2h
˙ 1
2
.
Thanks the decomposition (8.5) the new expression of a matrix coefficient associated
with v,w P EΛ,`N pBXq reads as follows:
(8.9) xπspγqv,wy|Ak,Rpγq
ď Cn
ep
1
2
´sqαnReαp2s´1qkR
|SΛ˚N,R|
` ÿ
gPSΛN,kpγq
d2g
˘ 1
2
ˆ ÿ
hPS˜Λ
N,n´kpγ
´1q
c2h
˙1
2
,
and the proof is done.

Remark 8.1. So far, we have not yet used the assumption of cocompacity of the action Γ
on pX, dq. Thus, Proposition 8.1 holds whenever Γ is only a discrete group of isometries
of pX, dq.
We can now provide the proof of Theorem 1.2:
Proof. First of all, to prove a spectral inequality dealing with πspfq for f P CcpΓq we
use Lemma 4.2: we shall control the following expression
ř
γPSΓn,R
fpγqxπspγqv,wy, with
f a positive function supported on SΓn,R with some R ą 0 and v,w P E
Λ,`
N pBXq with
N ą n` 1.
Proposition 8.1 provides a constant C ą 0 such that for all k P t1, . . . , nu
ÿ
SΓn,R
fpγqxπspγqv,wy|Ak,Rpγq
ď C
ep
1
2
´sqαnRep2s´1qαkR
|SΛ˚N,R|
ÿ
γPSΓn,R
fpγq
ˆ ÿ
ph,gqPrSΛ
N,n´kpγ
´1qˆSΛ
N,k
pγq
c2hd
2
g
˙ 1
2
by the Cauchy-Schwarz inequality ď C
ep
1
2
´sqαnRep2s´1qαkR
|SΛ˚N,R|
}f}2
ˆ ÿ
γPSΓn,R
ÿ
ph,gqPrSΛ
N,n´kpγ
´1qˆSΛ
N,k
pγq
c2hd
2
g
˙ 1
2
by Proposition 6.2 and (5.9) ď Cmep
1
2
´sqαnRep2s´1qαkR}f}2}v}2}w}2.
We treat the case 0 ă s ‰ 1
2
ă 1 first. Take the sum over k to obtain
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ÿ
SΓn,R
fpγqxπspγqv,wy ď Cm
ep
1
2
´sqαnR ´ eps´
1
2
qαnR
1´ ep2s´1qαR
}f}2}v}2}w}2.
If s ă 1
2
, then 1´ ep2s´1qαR ě 1´ ep2s´1qα since R ą 1. Hence,ÿ
SΓn,R
fpγqxπspγqv,wy ď Cm
`
1` ω 1
2
´spnRq
˘
}f}2}v}2}w}2.(8.10)
If, s ą 1
2
then 1´ s ă 1
2
. Then we haveÿ
SΓn,R
fpγqxπspγqv,wy “
ÿ
SΓn,R
fpγqxπ1´spγ
´1qv,wy “
ÿ
SΓn,R
qfpγqxπ1´spγqv,wy,
where qfpγq “ fpγ´1q. Since }f}2 “ } qf}2 the previous inequality (8.10) implies for s ą 12ÿ
SΓn,R
fpγqxπspγqv,wy ď Cm
`
1` ωs´ 1
2
pnRq
˘
}f}2}v}2}w}2.
For s “ 1
2
we obtain then:ÿ
SΓn,R
fpγqxπspγqv,wy ď Cmp1` nRq}f}2}v}2}w}2.
Hence, we have proved that there exists R,C ą 0 such that for all n, for all f supported
on SΓn,R and for all s P r0, 1s we have: }πspfq}op ď C
ˆ
1` ω|s´ 1
2
|pnRq
˙
}f}2. 
9. A remark about 1-cohomology of slow growth boundary
representations
Let Γ be a group acting cocompactly on pX, dq a roughly geodesic, ǫ-good, δ-hyperbolic
space and fix o a base point of X. Consider its Patterson-Sullivan measure denoted by
νo of dimension α. Consider the family of representations defined in (4.1) of Section 4.
As an immediate corollary of Theorem 1.2, we obtain that there exists C ą 0 such that
the representations πs satisfies for 0 ď s ‰
1
2
ď 1 and for all γ P Γ:
(9.1) }πspγq}op ď C
eα|
1
2
´s||γ|
|1´ e2s´1|
.
The action of Γ on BX ˆ BX provides both interesting representations and cocycles.
More precisely: consider the measure space pBX ˆ BX,mBM q where the mBM is the
Bowen-Margulis measure defined as
(9.2) dmBM pξ, ηq :“
dνopξqdνopηq
d2αpξ, ηq
.
It tuns out that the diagonal action of Γ ñ pBX ˆ BX,mBM q is measure preserving.
Thus, we can consider the operator πpγq defines as
πpγqF pξ, ηq “ F pγ´1ξ, γ´1ηq,
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for all γ P Γ, for ξ, η P BX and for F P LppBX ˆ BX,mBM q for p ą 0. Hence, π defines
an isometric representation on a Banach space:
π : ΓÑ IsopLppBX ˆ BX,mBM qq,(9.3)
for p ą 0. In the paper [56], Nica proved the following theorem:
Theorem. (B. Nica) Let Γ be a hyperbolic group. Then, for p large enough, the above
representation π in (9.3) admits a proper 1-cocycle.
In the same vein, based on the ideas of Nica [56, Proposition 7.1] we give a proof of
Theorem 1.6:
Proof. Consider the representation
(9.4) ρs :“ πs b πs : ΓÑ BpL
2pBX b BX, νo b νoqq,
with πs defined by the expression (4.1). Thus, by (9.5), the representation πs b πs is a
slow growth representation acting on a Hilbert space satisfying
(9.5) }ρspγq}op ď C
e|1´2s|α|γ|
|1´ e2s´1|2
.
Now, let us define the following 1-cocycle associated to ρs for 0 ď s ă
ǫ
4
as:
(9.6) bs : γ P Γ ÞÝÑ
ˆ
pξ, ηq ÞÑ
βξpo, γoq ´ βηpo, γoq
d
2s
ǫ
α
o pξ, ηq
˙
P L2pBX b BX, νo b νoq.
The condition 0 ď s ă ǫ
4
is to ensure that the cocycle in well defined in L2pBXbBX, νob
νoq. See below.
Indeed we have:
bspγ1γ2qpξ, ηq “
βξpo, γ1γ2oq ´ βηpo, γ1γ2oq
d
2s
ǫ
α
o pξ, ηq
“ bspγ1qpξ, ηq `
βγ´1
1
ξpo, γ2oq ´ βγ´1
1
ηpo, γ2oq
d
2s
ǫ
α
o pξ, ηq
“ bspγ1qpξ, ηq `
esαpβξpo,γ1oq`βξpo,γ1oqq
`
β
γ´1
1
ξ
po, γ2oq ´ βγ´1
1
η
po, γ2oq
˘
`
e
ǫ
2
pβξpo,γ1oq`βξpo,γ1oqqdopξ, ηq
˘ 2s
ǫ
α
“ bspγ1qpξ, ηq `
esαpβξpo,γ1oq`βξpo,γ1oqq
`
βγ´1
1
ξpo, γ2oq ´ βγ´1
1
ηpo, γ2oq
˘
d
2s
ǫ
α
o pγ
´1
1 ξ, γ
´1
1 ηq
“ bspγ1qpξ, ηq ` ρspγ1qbspγ2qpξ, ηq.
Observe that
|bspγqpξ, ηq| ď
2|γ|
d
2s
ǫ
α
o pξ, ηq
.
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By Lemma 5.3 of [56], if p ą α we have d P LppBX ˆ BX,mBM q. Thus, write
}bspγq}
2
2 ď 4|γ|
2
ż
BXˆBX
1
d
4sα
ǫ
o pξ, ηq
dνopξqdνopηq
“ 4|γ|2
ż
BXˆBX
d
p
opξ, ηq
d2αo pξ, ηq
dνopξqdνopηq
“ 4|γ|2
ż
BXˆBX
dpopξ, ηqdmBM pξ, ηq,
with p “ 2αp1 ´ 2
ǫ
sq. So we need to have p ą α, that is to say s ă ǫ
4
.
The fact that bs is proper follows from the computation of Proposition 7.1 of [56]. More
precisely, Nica’s method consists in splitting the integral over the sets Ak,Rpγq. By
setting s1 “ s
ǫ
ą 0 in the following computation we have
}bspγq}
2
2 “
nÿ
j,k“1
ż
Aj,RpγqˆAk,Rpγq
|pξ, γoqo ´ pη, γoqo|
2e2s
1αpξ,ηqdνopξqdνopηq
ě e´2s
1αδ
nÿ
j,k“1
ż
Aj,RpγqˆAk,Rpγq
|pξ, γoqo ´ pη, γoqo|
2e2s
1αmin tpξ,γq,pγ,ηqudνopξqdνopηq
ě e´2s
1αδ
ÿ
1ďjăkďn
|pk ´ 1´ jqR|2ep2s
1´1qαjRe´kαR
ě e´2s
1αδR2e´αR
ÿ
1ďjďkďn
|pk ´ jq|2ep2s
1´1qαjRe´kαR.
Set now Sn :“
ř
1ďjďkďn |pk ´ jq|
2ep2s
1´1qαjRe´kαR. Observe that
Sn`1 ´ Sn ě
n´1ÿ
k“1
|pk ´ nqR|2ep2s
1´1qαpn´1qRe´kαR
“
nÿ
k“1
|pk ´ 1qR|2ep2s
1´1qαpn´1qRe´pk`nqαR
“ e´p2s
1´1qαRe2s
1αnR
n´1ÿ
k“0
|pk ´ 1qR|2e´kαR
ě R2e´p2s
1´1qαR ˆ pnes
1αnRq.
Hence, }bspγq} Ñ `8 exponentially fast for any 0 ď s ‰
1
2
ď 1.
To conclude, the representation πs b πs : ΓÑ BpL
2pBX b BX, νo b νoqq admits a proper
cocycle if 0 ď s ă ǫ
4
.
In this generality, the previous computations hold for hyperbolic groups possessing prop-
erty (T). But it is well known that such groups cannot have an unitary representation
with a proper 1-cocycle. We refer to [9] for more details on property (T). Since ρ 1
2
is an
unitary representation, there exists 1
2
ą ε ą 0 such that ρs for s P r0,
1
2
´ εr admits a
proper 1-cocycle. 
SPHERICAL FUNCTIONS AND RAPID DECAY FOR HYPERBOLIC GROUPS 42
References
[1] S. Adams, Boundary amenability for word hyperbolic groups and an application to smooth dynamics
of simple groups. Topology 33 (1994), no. 4, 765-783.
[2] C. Anantharaman-Delaroche, On spectral characterizations of amenability. Israel J. Math. 137
(2003), 1-33.
[3] C. Anantharaman-Delaroche; J. Renault, Amenable groupoids. Groupoids in analysis, geometry,
and physics (Boulder, CO, 1999), 35-46, Contemp. Math., 282, Amer. Math. Soc., Providence, RI,
2001.
[4] J.-P. Anker, La forme exacte de l’estimation fondamentale de Harish-Chandra. (French) [The exact
form of Harish-Chandra’s fundamental estimate] C. R. Acad. Sci. Paris Sr. I Math. 305 (1987), no.
9, 371-374.
[5] U. Bader, R. Muchnik, Boundary unitary representations, irreducibility and rigidity. J. Mod. Dyn.
5 (2011), no. 1, 49-69.
[6] U. Bader, J. Dymara, Boundary unitary representations - right- angled hyperbolic buildings. Journal
of Modern Dynamics, to appear.
[7] S. Barre´; M. Pichot, The 4-string braid group B4 has property RD and exponential mesoscopic rank.
Bull. Soc. Math. France 139 (2011), no. 4, 479-502.
[8] S. Barre´; M. Pichot, La proprie´te´ de de´croissance rapide pour le groupe de Wise. (French) [The
rapid decay property for the Wise group] Ann. Inst. Fourier (Grenoble) 65 (2015), no. 2, 709-724.
[9] M.-E. B. Bekka, M. Cowling. Some irreducible unitary representations of G(K) for a simple algebraic
group G over an algebraic number field K. Math. Zeitschrift, 241(4):731-741, 2002.
[10] B. Bekka, P. de la Harpe, A. Valette, Kazhdan’s property (T). New Mathematical Monographs, 11.
Cambridge University Press, Cambridge, 2008.
[11] S. Blache`re, P. Ha¨ıssinsky, P. Mathieu, Harmonic measures versus quasiconformal measures for
hyperbolic groups. Ann. Sci. c. Norm. Sup. (4) 44 (2011), no. 4, 683-721.
[12] M. Bourdon, Structure conforme et flot ge´ode´sique d’un CAT(-1)-espace, L’enseignement
mathe´matique (1995).
[13] A. Boyer, Equidistribution, Ergodicity, Irreducibility in CAT(-1) spaces. Groups Geom. Dyn. 11
(2017), no. 3, 777-818.
[14] A. Boyer and D. Mayeda, Equidistribution, Ergodicity, Irreducibility with Gibbs measures. Comment.
Math. Helv. 92 (2017), no. 2, 349-387.
[15] A. Boyer and A. Pinochet-Lobos, An ergodic theorem for the quasi-regular representation of the free
group. Bull. Belg. Math. Soc. Simon Stevin 24 (2017), no. 2, 243-255.
[16] A. Boyer and L. Garncarek, Asymptotic Orthogonal relations in hyperbolic groups., accetped to
Trans. of Amer. Math. Soc. (2018)
[17] M. Burger, S. Mozes, CAT(-1)-spaces, divergence groups and their commensurators. J. Amer. Math.
Soc. 9 (1996), no. 1, 57-93.
[18] M.R. Bridson; A. Haefliger, Metric spaces of non-positive curvature. Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 319. Springer-Verlag,
Berlin, 1999.
[19] I. Chatterji, Property (RD) for cocompact lattices in a finite product of rank one Lie groups with
some rank two Lie groups. Geom. Dedicata 96 (2003), 161-177.
[20] I. Chatterji, K. Ruane, Some geometric groups with rapid decay. Geom. Funct. Anal. 15 (2005), no.
2, 311-339.
[21] I. Chatterji, C. Pittet, and L. Saloff-Coste, Connected Lie groups and property RD, Duke Math. J.
137 (2007), no. 3, 511-536.
[22] I.-L. Chatterji, Introduction to the Rapid Decay property. Contemporary Mathematics 2017, Volume
691, Around Langlands Correspondences, 55-72.
[23] C. Connell; R. Muchnik, Harmonicity of quasiconformal measures and Poisson boundaries of hy-
perbolic spaces. Geom. Funct. Anal. 17 (2007), no. 3, 707-769.
[24] M. Coornaert, Mesures de Patterson-Sullivan sur le bord d’un espace hyperbolique au sens de Gro-
mov. (French) [Patterson-Sullivan measures on the boundary of a hyperbolic space in the sense of
Gromov] Pacific J. Math. 159 (1993), no. 2, 241-270.
SPHERICAL FUNCTIONS AND RAPID DECAY FOR HYPERBOLIC GROUPS 43
[25] J. Dixmier, Les C*-alge`bres et leurs repre´sentations Gauthier-Villars, 1969.
[26] C. Drutu; M. Sapir, Relatively hyperbolic groups with rapid decay property. Int. Math. Res. Not.
2005, no. 19, 1181-1194.
[27] A, Dudko, R. Grigorchuk, On spectra of Koopman, groupoid and quasi-regular representations. J.
Mod. Dyn. 11 (2017), 99-123.
[28] A. Dudko, R. Grigorchuk, On irreducibility and disjointness of Koopman and quasi-regular repre-
sentations of weakly branch groups. Modern theory of dynamical systems, 51-66, Contemp. Math.,
692, Amer. Math. Soc., Providence, RI, 2017.
[29] H. Furstenberg, Poisson formula for semi-simple Lie groups. Ann. of Math. (2), 77:335-386, 1963.
[30] A. Figa`-Talamanca, M.-A. Picardello, Spherical functions and harmonic analysis on free groups. J.
Funct. Anal. 47 (1982), no. 3, 281-304.
[31] A. Figa`-Talamanca, M.-A. Picardello, Harmonic analysis on free groups. Lecture Notes in Pure and
Applied Mathematics, 87. Marcel Dekker, Inc., New York, 1983.
[32] V. Finkelshtein, Diophantine properties of groups of toral automorphisms, arXiv:1607.06019 (2016).
[33] R. Gangolli, V.-S. Varadarajan, Harmonic Analysis of Spherical Functions on Real Reductive
Groups, Springer-Verlag, New-York, 1988.
[34] L. Garncarek, Boundary representations of hyperbolic groups, arXiv:1404.0903, 2014.
[35] L. Garncarek, Mini-course: property of rapid decay, arXiv: 1603.06730v3, (2016).
[36] E. Ghys, P. de la Harpe. Panorama. (French) Sur les groupes hyperboliques d’apre`s Mikhael Gromov
(Bern, 1988), 1-25, Progr. Math., 83, Birkha¨user Boston, Boston, MA, 1990.
[37] R. Godement, A theory of spherical functions. I. Trans. Amer. Math. Soc. 73, (1952). 496-556.
[38] U. Haagerup, An example of a nonnuclear C˚-algebra which has the metric approximation property,
Invent. Math. 50 (1978/79), no. 3, 279-293.
[39] A. Gorodnik; A. Nevo, The ergodic theory of lattice subgroups. Annals of Mathematics Studies, 172.
Princeton University Press, Princeton, NJ, 2010.
[40] Harish-Chandra, Spherical functions on a semisimple Lie group. I. Amer. J. Math. 80 1958 241-310.
[41] P. de la Harpe, Groupes hyperboliques, alge`bres d’ope´rateurs et un the´ore`me de Jolissaint. (French)
[Hyperbolic groups, operator algebras and Jolissaint’s theorem], C. R. Acad. Sci. Paris Sr. I Math.
307 (1988), no. 14, 771-774.
[42] C. Herz, Sur le phe´nome`ne de Kunze-Stein, C. R. Acad. Sci. Paris Sr. A-B 271 (1970), A491-A493.
[43] P. Jolissaint, Rapidly decreasing functions in reduced C˚-algebras of groups, Trans. Amer. Math.
Soc. 317 (1990), no. 1, 167-196.
[44] P. Julg, Remarks on the Baum-Connes conjecture and Kazhdan’s property T. Operator algebras and
their applications (Waterloo, ON, 1994/1995), 145-153, Fields Inst. Commun., 13, Amer. Math. Soc.,
Providence, RI, 1997.
[45] V.-A, Kaimanovich, Boundary amenability of hyperbolic spaces. Discrete geometric analysis, 83-111,
Contemp. Math., 347, Amer. Math. Soc., Providence, RI, 2004.
[46] M.-G. Kuhn, Amenable actions and weak containment of certain representations of discrete groups.
Proc. Amer. Math. Soc. 122 (1994), no. 3, 751-757.
[47] G. Kuhn, T. Steger, More irreducible boundary representations of free groups. Duke Math. J. 82
(1996), no. 2, 381-436.
[48] M-G, Kuhn; T, Steger, Monotony of certain free group representations. J. Funct. Anal. 179 (2001),
no. 1, 1-17.
[49] V. Lafforgue, A proof of property (RD) for cocompact lattices of SL(3,R) and SL(3,C). J. Lie Theory
10 (2000), no. 2, 255-267.
[50] V. Lafforgue, K-the´orie bivariante pour les alge`bres de Banach et conjecture de Baum-Connes,
Invent. Math. 149 (2002), no. 1, 1-95 (French).
[51] V. Lafforgue, La conjecture de Baum-Connes a` coefficients pour les groupes hyperboliques. (French)
[The Baum-Connes conjecture with coefficients for hyperbolic groups] J. Noncommut. Geom. 6
(2012), no. 1, 1-197.
[52] V. Lafforgue, Un renforcement de la proprie´te´ (T). (French) [A strengthening of property (T)] Duke
Math. J. 143 (2008), no. 3, 559-602.
SPHERICAL FUNCTIONS AND RAPID DECAY FOR HYPERBOLIC GROUPS 44
[53] I. Mineyev, Metric conformal structures and hyperbolic dimension. Conform. Geom. Dyn. 11 (2007),
137-163
[54] A. Nevo, Spectral transfer and pointwise ergodic theorems for semi-simple Kazhdan groups. Math.
Res. Lett. 5 (1998), no. 3, 305-325.
[55] A. Nevo, The spectral theory of amenable actions and invariants of discrete groups. Geom. Dedicata
100 (2003), 187-218.
[56] B. Nica, Proper isometric actions of hyperbolic groups on Lp-spaces. Compos. Math. 149 (2013), no.
5, 773-792.
[57] B. Nica, On operator norms for hyperbolic groups. J. Topol. Anal. 9 (2017), no. 2, 291-296.
[58] B. Nica and J. Sˇpakula, Strong hyperbolicity. Groups, Geometry and Dynamics Volume 10, Issue 3,
2016, pp. 951-964.
[59] S.-J. Patterson, The limit set of a fuchsian group, Acta mathematica 136, 241-273 (1976)
[60] F. Paulin, M. Pollicott, B. Schapira, Equilibrium states in negative curvature to appear in Aste´risque
373, Soc. Math. France
[61] J. Ramagge; G. Robertson; T. Steger, A Haagerup inequality for A˜1 ˆ A˜1 and A˜2 buildings. Geom.
Funct. Anal. 8 (1998), no. 4, 702-731.
[62] T. Roblin, Ergodicite´ et e´quidistribution en courbure ne´gative, Me´moires de la SMF 95 (2003).
[63] Y. Shalom, Rigidity, unitary representations of semisimple groups, and fundamental groups of man-
ifolds with rank one transformation group, Ann. of Math. (2) 152 (2000), no. 1, 113-182.
[64] E. Stein,M. Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals.With
the assistance of Timothy S. Murphy. Princeton Mathematical Series, 43. Monographs in Harmonic
Analysis, III. Princeton University Press, Princeton, NJ, 1993.
[65] D. Sullivan, The density at infinity of a discrete group of hyperbolic motions, Publications
mathe´matiques de l’IHES 50 (1979), 171-202.
[66] R.-J, Zimmer, Amenable ergodic group actions and an application to Poisson boundaries of random
walks, J. Funct. Anal. 27 (1978), 350-372.
